1 Master method

Using the master method solve the following recurrences.

n

T(n)=2-T(7) +1 (1)
T(n)=2-T(7)+Vn (2)
T(n) = 2~T(%) +n (3)
T(n) = 2~T(%) +n? (4)
T(n) = 7-T(g) +n? (5)
T(n) = 4-T(3) +n?lg(n) (6)

2 Akra-Bazzi

Find tight asymptotic bounds of the following recursive functions.

T(n)=2-T(3)+n (7)

T(n) = 2~T(%) +n-lg(n) (8)
T(n) :T([gb +quJ) +n (9)
T(n)=2-T(5) + g T(3) +6(n) (10)
T(n)=2-T(3) +3-7(5) +n-lg(n) (11)



3 Annihilators

For each of the following recurrences find the closed form solution, estimate

upper asymptotic bound and prove your solution is correct.

Tn)=T(n—-1)+1,7T(0)=0
Tn)=Tn-1)+nT1)=1
Tn)=Tn—-1)+2-n+1;7(0)=0

n

T(n)=T(n—1)+ <2>;T(O) —0
T(n) = T(n — 1) + 2" T(0) = 0
T(n)=3-T(n—1);T(0) =1
T(n)=2-T(n—1)+1;T(0) =0

T(n)=T(n—1)+T(n—2) + 1;T(—1) = 0,T(0) = 1

(12)



Steps on solving linear recurrences.

e Write the recurrence in operator form

e Extract an annihilator for the recurrence

Factor the annihilator (if necessary)

Extract the generic solution from the annihilator

e Solve for coefficients using base cases (if known)

Operator Definition

addition (f +g)n):=f(n)+g(n)
subtraction | (f —g)(n):= f(n)— g(n)
multiplication | (a-f)(n):=a-(f(n))
shift Ef(n):=f(n+1)
k-fold shift Eff(n):=f(n+k)

composition X+Y)f :=Xf+Yf
(X —Y)f :=Xf - Yf
XYf :=X(Yf)=Y(Xf)

distribution X(f+g)=Xf+Xg
Operator Functions annihilated
E-1 a
E—a aa”
(E—a)(E-b) aa™+ Bb" [if a # b]
(E—ap)(E—ay)---(E—aqa) ZLO a;al [if a; distinct]
(E—1)? an+f3
(E—a)? (an+ B)a"
(E—a)*(E-Db) (an+ Bla" +yb*  [ifa# b]
(E-a) (T ant)a”
If X annihilates f, then X also annihilates E f .
If X annihilates both f and g, then X also annihilates f + g.
If X annihilates f, then X also annihilates af, for any constant a.

If X annihilates f and Y annihilates g, then XY annihilates f + g. |




