











































































































faces

iDeI kscx.rok is a freeface if it is a

y yg
t is a maxface dime dimrel

k n K Er T Inthiscase Kyrie a K is a homotopyequivalence

Sox K iscollapsible Kul toasubsax LEK if thereexists a collapse i.e a

sequence of elementarycollapses reducing k to L

K is collapsible if Kt

IDEAL let's try to formalize collapsing sequence

DiscreteMorse functions AMF and discrete vector fields DVR

Def K sax Afunction f ks IR is a DMF if fake k

e I t ok f t f o El and

ez I t ok flag e fay pep cage
where fdoesnot

Prof en ez O
In

Proof Assume t t E r is exeptional for t

y a flt fir flea

Ii
T I n is exeptional for tr

q
f in Lf rt offer

conf t is anexcept faceof t ift t is an exceptcofaceoft














































































































Def Given a DMf f on a sex k a pair sxr exceptface o is calleda regularpair

Sxesof K are partitioned into regularpairs indicated by arrows

critical sxes where fcompletelyrespectsdim
Example Collapse isinducedby aDMF Inotuniquely

g
Prof ni ofcriticalusxes

p

Then X no antnio
o 7

a s
2

y

Proofremoving a regularpair
preserves t Tea

Def K sex A discrete vectorfield DVD on k is adisjoint collection of

pairs anti ofsxes ofK suchthat ti is afacetofTi ti Criticalsxes notinvolved
To such pairs are called arrows

A BUF is called a discretegradientvector field DEVE if it
is induced by a DMF as a collection of regular pairs

Duff recognizing DGVF's

Def K sax pen Given a DVF on k consisting ofpairs OjEj jej a p path

is a sequence

say s ti re

arrows in a DVF

Such a path is a cycle if Naren andKen
A BUF is acyclic if it admits no cycle

Observations a crit Sx can only appear as the last sx in a p path
Given a Duff function values decrease alongany ppath

f Nj f Tj f Oji Hi

Inparticular f ri f Tim Hm 1































































































implieseach DgvF is acyclic

THI Each
acyclicbvfon.fi agpp

Relatedto avectorfieldon 112 withterrcurlis agradfield

É
jaclic

DVF

examples of pathsModifiedHasse diagramencoding

t conditions out
acyclicgraph

a

reverse engineer
I E

values of f

Prep Suppose critical sxes of an acyclic DUFouk Dd

form a subex LEK Then KIL and

thus Kel ConfIf an acyclic DVFon k has

Proof Claim Jaregularpair rt with r a singlecriticalsx thenke
being a free face

let n maxdimofasx in KIL Removethepair ret by an
choose a maximal n path inductively

use theclaimtoproceed
let it beits initialpair elementary collapse
yes afree t

end L
B

rot bydef
If rwasa facetof asx in KIL
thepairofthatsxcouldbeusedto
prolong our ppath e

If rwas afacetof a sx in L
ritselfwouldbeinL p





Def the boundarymapd on Cp is defined as follows onthegenerators crit p sxes

Opts ti ni ti r ri
I E
ingeneral notrelated

Morse chain complex
Cut Cu n C Co O

Itturns out02 0

Morse homology

quotientalsodependson gridrectfield butnotthe homology

THIMorse homology is isomorphic to simplicial homology
HpKit Hp KF

s in

CorollarfAp up by e Betanumber It forsome DMF we have up bptp
p
ofcritpsxes

Weusually strivetogetit butnotall spaces
admit it Example Duncehate butnofreefacet

as a



asgevruti
gDMFonqraMs_Iqeichsuclacc.radisage.mn

s

tveeg
IdeaofproofofManthan
whatdoes an arrow dotoboundarymatrices

I
a NP EP an arrow r a freeface

i or is tinden on othercolumns in p as
or 0 or or E or

o tacetott
o r

removing relecreases dimknop by 1

ii or is not in dep on other columns as it is theonlycolumnwith a

covingtdecreases dimImOpen

As aresult dimHp is preserved

b or EP an arrow r not a freeface similarwithcolumn reductions


