











































































































cnn.at E t EtEd.ffEces
Defookscx rek is a freeface if it is a
face of exactlyone sx TEK

T is a maxface dint dima

An elementary collapse is a removal
elementarycollapse

K K at Inthiscase Kiki K is a homotopyequivalence

Sox K iscollapsible KUL toasubsex LEK if thereexists a collapse i.e a

sequence of elementary collapses reducing K to L

K is collapsible if k I k L si 1fC
I III

IDEA Let's try to formalize collapsing sequence

DiscreteMorse functions DMF and discrete vector fields DVF o

4 5Def K sex Afunction f k IR is a DMF if a Ek

e I t N f t f a 1 and faces

ez the or fee fingley e face

whereofdoesnot

i
Prep en ez 0

In
Proof Assume t n is exeptional fort α

y n
flt flo f iz

T n isexeptional for fan offer

CoE t is anexcept faceof T iff t is an exceptcofaceoff
Pairs sx exceptface are disjoint














































































































Def Given a DMF f on a sexk a pair sxr except_facets is calleda regularpair

Sxesof K are partitioned into regularpairs indicated by arrows

critical sxes where fcompletelyrespectsdim
fewercritsxesbettersimplification

Example Collapse isinducedby aDMF notuniquely
Prodni ofcriticalusxes

78 Then I no antar
x ̅

34,5 6
gig f

regularpair
pea

let'sformalizethesearrows

Def k sex A discrete vectorfield DVF on K is adisjoint collection of
pairs Ni t ofsxes ofK suchthat pi is aface ofTi i CriticalsxesNOTINVOLVED

such pairs are called arrows

A DVF is called a discretegradientvectorfield DGVF if it
is induced by a DMF as a collection of regular pairs

DEVI recognizing DGVF's

Def k sex pain Given a DVF onK consisting ofpairs OjTj je a p path

is a sequence

g Ii say Iii re

Tows in aDIF
Sucha path is a cycle if N Man andK 1

A DVF is acyclic if it admits no cycle
Observationte a crit Sx can only appear as the last sx in a p path

Given a DMF f functionvalues decrease alongany ppath

fNj f Ej f T i

Inparticular f ri f Tim m 1































































































im eachy.fi fic Intro

IM Eachacyclic DVFon K is a GDVF

Relatedto avectorfieldon 1122withterrcurlis agradfield

Prootbyetamd.ie

tactic DVF

Examples ofpathsmodified

acyclicgraph

areverseengineer
values of f

Prep Suppose critical sxes of an acyclic DVFoak

form a subcx LEK Then K L and

thus KEL C If an acyclic Dufonkhas

Proof Claim aregularpair MT with r a singlecriticalsx thenK
being a free face

t.tt tiht im.fasainkyc
unit

Removethepair r t by an
Choose a maximal n path
let T beits initialpair elementarycollapse
Is_afreeface
not bydef Inductively usetheclaimtoproceed
If rwasafacetof asx in KIL
thepairofthatsxcouldbeusedto end L

I



4 orsehomology Howto compute homology from critical sxes ClassicalMorsetheory
Obtain homologyor ahomotopy

typeofa manifoldfromcriti
lasttime we simplified pointsof afunctionon it

I iiiiiiiiiiiiiaa.it
file

vector

4
Todaywechoosea city andcontinue to further

simplification not asex

SETTINI Kasex with a gradientvectorfield G agroupforcoefficients

ni ofcritical i sxes

Def let pe on A Morse pchain is a formal sum

I Xi NP dies MEKoriented critical p sx

Morsechain group p is thegroupof Morsep chains withtheobviousoperations

An orientedp path from anorientedsx o to an orientedsx of is a ppath

of E a I a II
consisting of oriented sxes suchthatforeach j the orientation
induced by Tj on its faces

Matchesof
ryn

Does not matchFja

Given oriented sx I let 8 t denotethecollectionofallofits facets with

theinducedorientation arisingfromT

Foreachorientedcritical pn Sx n let

i a
gig

oriented ppathsfrom a to a



Def The boundary mapd on Cp is defined as follows onthegenerators crit p sxes

opt leg firi
ingeneralnotrelated

Morse chain complex
Cnbc C c 0

Itturns out 0 0

Morse homology

Hp K G opn
quotientalsodependsongridrectfield butnotthehomology

TIMMorsehomology is isomorphicto simplicial homology
Hp K HpKIF

EddyVP up bb Bettinumber
If forsomeDMF wehave up bp p

ofcritpsxes f iscalledperfect andOp0 p if bisafield
Weusuallystrive togetit butnotall spacesExample

admit it Example Duncehat butnofreeface
generatey

fine Iia o

ocb.es endpt e al endpt b
a a a o

1 I
T

or
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generating DMFongraphs Inning
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