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Node ranking by position & centrality

Node centrality measures and link analysis algorithms are techniques used to evaluate the
importance, position, or structural role of nodes within a network. A variety of approaches
exist, including clustering coefficients, spectral analysis methods, geodesic-based measures,
fragment-based metrics, and others.
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In the following, we assume a simple undirected graph, although most measures can be
straightforwardly generalized to directed graphs, multigraphs, or weighted graphs.

Closeness centrality

Closeness centrality quantifies a node’s importance based on its proximity to other nodes,
meaning that important nodes tend to occupy "central" positions within the network
(Newman, 2018).

It is defined either as

or
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and can be computed in time O(nm) by performing a breadth-first search from each node.

Closeness centrality is particularly useful in logistics applications (e.g., transportation
networks) but may be less meaningful in social networks. Moreover, in small-world networks
with d ~ log n, the measure typically spans a very narrow range.

Betweenness centrality

Betweenness centrality quantifies the importance of nodes as bridges connecting different
"parts" of a network (Freeman, 1977).

Let g;; denote the number of shortest paths between nodes s and ¢, and let gé, be the
number of these paths that pass through node i. Then,
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which can be computed in time (9(nm) using Brandes' algorithm (Brandes, 2001).

Betweenness centrality is particularly useful in communication networks and other contexts
where bridging nodes are critical. Note that the measure considers only shortest paths and
may mix local centers with global bridges.

Degree centrality

Degree centrality quantifies node importance based on the number of neighbors.
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For directed networks (e.g., information networks), the in-degree centrality dl.i” = ﬁ is
typically more informative of node importance that the out-degree centrality. Note that in
scale-free networks with a power-law degree distribution p; ~ k=7, the measure spans a

very wide range.

Eigenvector centrality

Eigenvector centrality builds upon the degree centrality by considering not only the number
of neighbors but also their importance, so that a node is more central if it is connected to
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other central nodes (Bonacich, 1987).

Therefore, eigenvector centrality is defined as
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where A is the leading eigenvalue of A (i.e. e = Ae). The measure can be computed in

time (O(n) using the power iteration method.

Note that in directed networks, e; = 0 for nodes with zero in-degree kl’” = 0, and this effect
propagates, so that only nodes belonging to large strongly connected components acquire
non-zero importance.

Katz status

This issue is addressed by Katz status, which assigns each node a small baseline
importance f# > (O for free (Katz, 1953).
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For convenience, we may set 5; = 1, whereas a < % is required for the power iteration
method to converge.

PageRank score

Finally, the well-known PageRank score builds upon Katz status, with nodes distributing their
importance equally among their neighbors (Brin & Page, 1998).

The PageRank formula is defined as
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where a is called the damping factor, which is traditionally set to 0.85. The PageRank
algorithm runs in time (O(n) and typically requires between 10 and 100 iterations of the
power iteration method to converge.
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Notice that the PageRank score can be interpreted as the probability p; that a random
walker on the graph is located at node i. At each step, the walker moves to a random
neighbor with probability a, or teleports (i.e. jumps) to a randomly chosen node with
probability 1 — .

Personalized PageRank

The PageRank formulation can be adapted not only to measure node importance but also to
quantify the similarity of all nodes to a designated teleport node . In this personalized
version, the random walker always teleports (i.e. restarts) to the same node r.

Random walks with restarts (Tong_et al., 2006) or personalized PageRank is defined as
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where 0;; is the Kronecker delta, ensuring that the walker restarts at node z. The method can
also be extended to multiple teleport nodes, allowing personalization to a set of nodes rather
than a single node.
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