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Relation to matrix factorization

Recall that our objective is to learn a low-dimensional embedding z; for each node i such
that

similarity(i,j) ~ z]z;.

While modern "shallow" node embedding methods employ relatively sophisticated similarity
measures based on random walks with restarts, simpler definitions are also possible. For
example, one may define two nodes as similar if they are directly connected in the graph. In
this case,

similarity(i, j) = Aj;,

or in matrix form,
VAV A

Since exact reconstruction of the adjacency matrix A from the embedding matrix Z is
generally not possible since d < n, we can learn Z approximately by optimizing the
Frobenius norm as

min||A — ANAR

Note that this objective differs from the softmax-based formulation used in node2vec,
although both approaches share the same underlying goal of approximating A with Z7 Z.

Most "shallow" node embedding methods can be equivalently expressed as matrix
factorization problems (Qiu et al., 2018).
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Notations in DeepWalk and LINE are introduced below. See detailed notations for PTE and
node2vec in Section 2.

node2vec | log —logb

A:A €eR] is G’s adjacency matrix with A; j as the edge weight between vertices i and j;

D,): Do) = diag(AT e) is the diagonal matrix with column sum of A;

Dyow: Drow = diag(Ae) is the diagonal matrix with row sum of A;

D: For undirected graphs (AT = A), D.,] = Drow. For brevity, D represents both D] & Drow-
D = diag(dy, - - -, d|V|), where d; represents generalized degree of vertex i;

vol(G): vol(G) = ¥; 3 j A, j = X; d; is the volume of a weighted graph G;

T & b: The context window size and the number of negative sampling in skip-gram, respectively.



