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• A geometric graph is proposed to model the citation networks of exponentially growing papers.
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a b s t r a c t

In citation networks, the content relativity of papers is a precondition of engendering
citations, which is hard to model by a topological graph. A geometric graph is proposed to
predict some features of the citation networks with exponentially growing papers, which
addresses the precondition by using coordinates of nodes to model the research contents
of papers, and geometric distances between nodes to diversities of research contents
between papers. Citations between modeled papers are drawn according to a geometric
rule, which addresses the precondition aswell as some other factors engendering citations,
namely academic influences of papers, aging of those influences, and incomplete copying of
references. Instead of cumulative advantage of degree, the model illustrates that the scale-
free property of modeled networks arises from the inhomogeneous academic influences of
modeled papers. The model can also reproduce some other statistical features of citation
networks, e.g. in- and out-assortativities, which show themodel provides a suitable tool to
understand some aspects of citation networks by geometry.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Citation networks constructed from scientific papers are important research objects of scientometrics, in which each
node represents a paper, and each edge represents a citation of one paper by another. Modeling these networks provides a
window on understanding hot topics of research, the emergence and propagation of academic thoughts in scientific society,
etc. [1–4]. Many of the empirically observed citation networks are found to be scale-free (their in-degree distributions
have a power-law tail), clustering, and assortative (in the sense of in- and out-degrees respectively). Seeking mechanisms
to illustrate one or more of those properties has attracted extensive attention [5,6].

There have existed several important studies of the scale-free property of citation networks. Price noted the ‘‘cumulative
advantage’’ of citation behavior: highly cited scientific papers accumulate additional citationsmore quickly than papers that
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have fewer citations. He abstractly expressed this phenomenon by a rule: the probability that a paper receives a citation is
proportional to the number of citations it has received, which successfully predicts the scale-free property [7–9]. In network
science, cumulative advantage is also called preferential attachment. Price model has been generalized to illustrate other
properties of citation networks in various contexts [10–13], e.g. Goldberg et al. set the number of citations given by new
papers to be random variables drawn from a lognormal distribution, which fits the out-degree distributions of empirical
data well (the model A in Ref. [14]).

It is empirically observed that the probability for a paper to get cited decreases as its age increases, which is called aging
phenomenon of citation behavior. Somemodels introduced time decay to the cumulative advantage, namely the probability
of an existing paper to be cited is proportional to its current in-degree multiplied by a decay factor dependent on its age
[15,16], e.g. exponential decay factor (the model B in Ref. [14]). Aging makes citation bursts typically occur in the early life
of a paper. Eom et al. generalized the Price model to simulate the bursts, in which a new paper cites a constant number of
existing papers by a linear preferential attachment with time dependent initial attractiveness [17].

Empirical data have a positive clustering coefficient, which is zero in theory for the networks generated by
aforementioned models. Krapivsky et al. noted that the authors of a new paper may not only cite a paper, but also could
cite some references of the cited paper. They called this phenomenon copying, and mimicked it by a rule: a new node
connects to a randomly selected node, as well as all the ancestors of the selected node, which successfully predicts the
scale-free property of citation networks, and clustering as well [18]. In reality, copying is incomplete: a paper unlikely cites
all references of the papers it cited. In themisprints propagationmodel [19] and themodel C in Ref. [14], incomplete copying
is realized by a one-step randomwalk from a cited paper. Incomplete copying can also be added to the cumulative advantage
with time decay to address the scale-free, clustering and aging simultaneously [20].

The exponents of in-degree distributions of citation networks vary from data to data, but the predicted power-law
exponents (if provided) given by all above models are fixed. Peterson et al. proposed a model to address this problem,
which involves a direct mechanism: a new paper cites an old paper randomly; an indirect mechanism, which is a kind of
incomplete copying [21]. The model can generate networks with similar full in-degree distributions of empirical citation
networks (the exponents of in-degree distributions of which can be tuned) namely not only similar on the power-law tails
but also on the foreparts. The indirect mechanism makes the modeled networks have a positive clustering coefficient as
well.

The theory of random geometric graphs (RGGs) enables research into networks via geometry [22–26]. The nodes of some
RGGs are points chosen at random in the space time, e.g. through a Poisson point process, and they are connected by edges
if they are causally connected [27]. The causal relationship is induced by light cones in the space-time. Meanwhile, the idea
of a paper is inspired by its references at certain levels, so citation behavior could be regarded as a causal relationship. We
have proposed a RGG built on a cluster of concentric circles (so called it CC model) for citation networks [28], in which
the influences of modeled papers are expressed by geometric zones liking light cones, and a paper i cites a paper j if the
influential zone of i contains j. The model can capture the scale-free and clustering properties of empirical networks, but
has a range of shortcomings, e.g. the out-degree distributions of empirical data cannot be well simulated.

Besides the causal property of citations, using RGGs can also illustrate an important precondition of engendering citations,
namely the content relativity of papers, by spatial coordinates of nodes: diversities of research contents between papers
are illustrated by geometric distances between nodes. Here, we continue to use RGG built on the space time of the CC
model to predict certain statistical features of the citation networks with exponentially growing papers, and address
some shortcomings of the CC model as well. We seek a geometric mechanism to simultaneously express certain factors
engendering citations, namely academic influences, the aging of those influences, relativity of contents, and incomplete
copying of references. The model shows, besides the cumulative advantage, the scale-free property of citation networks
can also be explained as a consequence of the inhomogeneous academic influences of scientific papers, through which
some papers gain more citations because they are likely to have wider influences than others. We also examined how the
model predicts some other statistical features of empirical networks, namely the out-degree distribution, the scaling relation
between local clustering coefficients and in-degrees, assortativities for in- and out-degrees.

This report is organized as follows. The model is described in Section 2. The degree distributions, clustering and
assortativity of the modeled networks are analyzed in Sections 3–5 respectively. The conclusion is drawn in Section 6.

2. The model

Normally, empirical citation networks of scientific papers are directed acyclic graphs (DAGs): only newer papers can
cite older papers. However, some preprinting papers would cite each other, which happens rarely. The geometric DAG
proposed here consists of ‘‘papers’’ (nodes) and ‘‘citations’’ (edges) between those papers. In some citation networks, the
annual numbers of papers grow exponentially, e.g. the citation network DBLP 2013-09-29 (Table 1) collected by Tang et al.
for the papers in DBLP dataset, which are published in the period from 1936-01-01 to 2013-09-29 [29] (Fig. 1(a)). We focus
on simulating the exponentially growing case and compare some properties of a network generated by our model to those
of DBLP 2013-09-29.

In our model, the nodes are sprinkled on a cluster of concentric circles in a (2 + 1)-dimensional spacetime with
circumference polar coordinates {r, θ, t} (Fig. 2). The angular coordinates of nodes could be regarded as research contents
of papers. So diversities of research contents between papers could be abstractly expressed by geometric distances between
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Table 1
Certain statistical indicators of the analyzed citation networks.

Network Nodes Edges CC In-AC Out-AC PG MO

DBLP 2013-09-29 2,084,055 2,244,018 0.070 0.036 0.093 0.973 0.771
Cit-HepTh 27,770 352,807 0.165 0.041 0.096 0.987 0.648
Cit-HepPh 34,546 421,578 0.148 0.077 0.111 0.995 0.725
Modeled network 123,008 171,891 0.390 0.120 0.290 0.452 0.992

The indicators are clustering coefficient (CC), in- and out-assortativity coefficients (In-AC, Out-AC), the node proportion of the giant component in the total
(PG), and modularity (MO). The first network comes from the papers published before 2013-09-29 in DBLP dataset. The next two networks come from the
papers (which are published in the period from 1993-01 to 2003-04) of arXiv in high energy physics phenomenology and in high energy physics theory
respectively [30]. The fourth network is generated by our model, the parameters of which are α = 0.8, β = 0.05, δ = 5, l = 0.02,m = 1, p = 1, q =

0.5, r = 0.002, T = 390 and f (k) ∼ k−2.5, k ∈ [3, 60].

(a) DBLP 1936–2012. (b) Modeled network.

Fig. 1. Evolutionary trends of annual numbers of papers. Panel (a) shows the trend for the papers of DBLP published in 1936–2012, and Panel (b) for the
modeled network in Table 1. The coefficient of determination (R2) and root mean squared error (RMSE) are used to measure the goodness of fits.

Fig. 2. Illustration of the model. The large nodes illustrate highly cited papers, and their influential zones are represented by light blue areas. Different
sizes of academic influences are expressed by different zonal sizes. It demonstrates the core and complementmechanisms of citations respectively: if node
a5 belongs to the zones of nodes a1 and a3 , then it cites them; if node a6 is a multidisciplinary paper, it will not only cite the highly cited papers which have
zones cover a6 (e.g. a5) but also cite a number of existing papers (e.g. a4) to make its out-degree to be a random variable drawn from a given power-law
distribution. The numbers of citations received by newer nodes could be larger than those of older ones, e.g. the times cited of a4 are larger than that of a2 .

nodes. The time t is related to physical time, which can be explained as the tth unit of time, such as tth week, tth month,
etc. Some nodes are selected to attach to specific zones to express their academic influences, which are called ‘‘highly cited
papers’’ here. Meanwhile, some nodes are selected to be ‘‘multidisciplinary papers’’, the out-degree of which is drawn from
a power-law distribution.

Suppose a modeled network has m[elt ] papers published in the tth unit of time (t = 1, 2, . . . , T ), in which some are
highly cited papers and some are multidisciplinary papers, where l ∈ R+,m ∈ Z+, and [·] is the rounding function. For time
t = 1, 2, . . . , T ∈ Z+, the modeled papers and citations are created by following steps.

Step 1. Generate a circle Ct = ([elt ], θ, t), sprinkle m[elt ] nodes (which are regarded as papers) on Ct randomly and
uniformly (namely according to a Poisson point process), and fix nodes with their coordinates, e.g. i with (θi, ti);
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Step 2. Select q percent new papers randomly as potential highly cited papers to attach to specific zones: the zone of a
such paper i is defined as an interval of angular coordinate with center θi and arc-length β(θi)e−αlti−(1−α)ltc , where
tc is the current time, α ∈ (0, 1), and β is a positive and piecewise-constant function;

Step 3. Each new paper j cites with a probability p to the potential highly cited papers that have zones covering j and are
published δ earlier than j, where δ ∈ Z+;

Step 4. Select r percent new papers randomly as multidisciplinary papers to continually cite a number of existing papers
randomly to make the lengths of references (out-degrees) of those papers to be random variables drawn from a
power-law distribution f (k).

The parameters p, q and r are properly chosen to make the number of citations generated in Step 3 to be the core while
that in Step 4 to be the complement. There are some intuitive explanations for the formula of zonal sizes. First, if two highly
cited papers discuss about the same content, the cumulative advantage would make the older one receive more citations
than the newer one, so the formula is reasonable to consider to be a decreasing function of t . Second, the number of citations
may differ in research contents due to their inhomogeneous attractiveness, so β(·) is introduced to the formula. Third, aging
of the influences of papers occurs such that the probability of a paper getting cited decreases with the growth of its age, so
it is reasonable to consider the formula to be a decreasing function of tc .

Our model is developed to address following points of particular interest to us, which are the reasons for why we
introduce so many parameters. The details about how our model gives a solution to those points are shown in following
sections. We discuss how some typical models deal with those points as well.

Firstly, almost existing models focus on power-law tails, e.g. the rules of linear preferential attachment and complete
copying predict power-law in-degree distributions with a fixed exponent. We are interested here in more features about
the in- and out-degree distributions of empirical data, namely the hook heads in the out-degree distributions and power-law
tails (the exponents of which vary from data to data) in both of the in- and out-degree distributions. Through calculations
and numerical simulations in Section 4, we reveal the modeled networks capture those features. Especially, the exponents
of the predicted in-degree distributions can be tuned by the parameter α in the formula of zonal sizes.

Secondly, the global clustering coefficient (GCC) is the fraction of connected triples of nodes which also form ‘‘triangles’’.
Copying citations is a sound explanation for why citation networks have a positive GCC. The values of GCC differ from an
empirical network to another (Table 1), which cannot be simulated by the linear attachment (too low), the complete copying
(too high), and the CC model (non-tunable). Aging of the influences of papers is a reasonable factor for why the GCCs of
empirical data are lower than those predicted by the complete copying, because old papers hardly receive citations. So
incomplete copying is more realistic, which is expressed by different ways in somemodels [20], e.g. themodel C in Ref. [14].
The GCCs predicted by thosemodels can be tuned by the proportion of citations generated through incomplete copying. Our
model gives a sympathetical expression of aging (expressed by the decreasing sizes of influential zones with the growth of
time) and incomplete copying (realized by the parameter p in Step 3), the detail of which is shown in Section 5.

Thirdly, the empirical citation networks are in- and out-assortative. Simulations show that the first property can be
reproduced by linear preferential attachment, and both by complete copying, the reasons of which could be inferred from
their mechanisms. The proposed model can also reproduce those properties, the reason of which is explained by using
analytical formulae in Section 6.

Particularly, except the non-tunable global clustering coefficient, the CC model has some other obvious shortcomings,
e.g. the out-degree distributions of some empirical data have a short power-law tail. Now themultidisciplinary papersmake
the out-degree distributions of modeled networks also have a short power-law tail, namely the function f (k) in Step 4. In
reality, some newly published papers can also gain more citations than some older papers that discuss about the same
content, which cannot happen in the CC model. Due to the selection in Step 2, a paper published at the earliest times could
not be a highly cited paper, and a new paper could receive many citations if it is selected to be a highly cited one.

Simulations show modeled networks have giant components (in sense of weak, namely ignore the directions of edges)
and clear community structures as the empirical networks do (Table 1). In fact, the papers in the same zone are very likely
to belong to the same community, and the zones are loosely connected, or not connected at all (the level of connection can
be tuned by the parameter r and the range of f (k) in Step 4) by few multidisciplinary papers. This causes the edges within
communities to be significantly more than that between communities. Therefore, there is a reciprocal relationship between
the clearness of communities and the node proportion of the giant component in the total.

The fitting function of the annual number of papers in DBLP 2013-09-29 is N(t) = 70e0.1052t (Fig. 1(a)). To make the
modeled time span match with, and the annual number of modeled papers proportional to those of the empirical data
respectively, we set the unit of the model parameter t to be l/0.1052 ≈ 0.2 year, which makes the modeled time span to
be Tl/0.1052 ≈ 78 years (Fig. 1(b)). Since our model generates networks by a global selection rule, it is hard to generate
a network with a size comparable to DBLP 2013-09-29, which needs m = 14. We set m = 1 for the modeled network in
Table 1, namely there is only one paper in the beginning (because [e0.02] = 1) which happens in many classical citation
network models, e.g. Price model. We further set other parameters to make the modeled average degree similar to that of
the empirical data, and assume that the papers published apart less than a year (namely δ = 5) cannot cite each other.
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(a) DBLP 2013-09-29. (b) Modeled network.

(c) DBLP 2013-09-29. (d) Modeled network.

Fig. 3. Out- and in-degree distributions. The fitting functions are the generalized Poisson distribution p(k) = a(a+bk)k−1e−a−bk/k! for the hooks in Panels
(a,b), and the power-law distribution p(k) = k−β/


∞

l=0(l + xmin)
−β for the tails in Panels (c,d) (which is fitted by the method in Ref. [32]).

3. Out- and in-degree distributions

The out-degree distributions of empirical citation networks exhibit power-law tails and ‘‘hooks’’ in the foreparts [25]
(Fig. 3(a)). The hooks can be adequately fitted by generalized Poisson distributions, which hint at the potential that the
predominant citation behaviors are governed by generalized Poisson processes. Many events in real world (in which the
probability of occurrence of a single event is small and is affected by previous occurrences) come from generalized Poisson
processes [31]. Citation behavior can be viewed as a low-rate event (its realization selects few papers out of a great many
papers) and the probability of occurrence of a citation could be affected by previous occurrences (e.g. a citation generated
by copying). Now we drive the underlying formulae of the head and tail of the modeled out-degree distribution to show
how our model generates a similar hook and power-law tail (Fig. 3(b)).

We initially consider the out-degrees of the non-multidisciplinary papers, and then consider those of the
multidisciplinary papers. Suppose a paper i is a non-multidisciplinary paper. If i belongs to the influential zone of j, then
we have ∆(θi, θj) < β(θj)e−l(αtj+(1−αti)) and tj < ti − δ. When β(θj)e−l(αtj+(1−αti)) is small enough, we have β(θj) ≈ β(θi),
because β(·) is a piecewise constant function. Hence the expected out-degree k+(θi, ti) of i is approximately equal to

k+(θi, ti) =
m
2π

ti−δ
tj=1

β(θi)pq
e(αtj+(1−α)ti)l

× [eltj ] ≈
β(θi)mpq

2π
e−(1−α)l

− e−(1−α)l(ti−δ)

(1 − α)l
, (1)

which is not a constant but increaseswith the growthof ti. It is observed that the annual average length of a paper’s references
is amonotone increasing sequence for some journals [4,28]. So the increasing property of Eq. (1) is reasonable.When ti ≫ 1,
we can take the expected out-degree k+(θi, ti) to be independent of ti and write k+(θi) instead

k+(θi) =
β(θi)mpq
2π(1 − α)l

e−(1−α)l, (2)

which holds for the majority papers, because the annual number of papers grows exponentially. It is reasonable to consider
that the number of a paper’s references cannot grow to infinity and should have an upper bound. Hence, the result given by
Eq. (2) is also reasonable, because that a bounded monotonic sequence has a limit.



172 Z. Xie et al. / Physica A 456 (2016) 167–175

The out-degrees of papers will not be exactly equal to their expected values because the papers are distributed according
to a Poisson point process, and so need to be averaged with the Poisson distribution. Hence the out-degree distribution of
non-multidisciplinary papers P+

non−m(k) is approximately to be a mixture Poisson distribution:

P+

non−m(k) =
1

2πT

 T+1

1

 2π

0


k+(θi, ti)ke−k+(θi,ti)

k!


dθidti ≈

1
2π

 2π

0


k+(θi)

ke−k+(θi)

k!


dθi. (3)

The multidisciplinary papers make the out-degree distribution P+(k) have a power-law tail. More precisely, we have

P+(k) ≈ (1 − q)P+

non−m(k) + qf (k), (4)

where q is the proportion of multidisciplinary papers, and f (k) is a power-law distribution (both are defined in Step 4 of
the model description). As Eq. (4) shows, the model cannot exactly reproduce the hooks of the out-degree distributions of
empirical networks, which is a generalized Poisson distribution, but not a mixture Poisson. Overcoming this shortcoming is
indicative of the need for further research.

The tails of in-degree distributions of empirical citation networks are well fitted by power-law distributions (Fig. 3(c)),
which has been considered as a consequence of cumulative advantage of degrees or complete copying. In our model, the
highly cited papers (which have an influential zone) are responsible for the power-law tails of the modeled in-degree
distributions (Fig. 3(d)). This hints that the power-law tails may also alternatively be interpreted as a consequence of the
inhomogeneous sizes of academic influences.

The expected in-degree k−(θj, tj) of a highly cited paper j is the probability p multiplied by the expected number of
papers belonging to its zone, namely

k−(θj, tj) ≈
m
2π

T
s=tj+δ

β(θj)p
e(αtj+(1−α)s)l × [els] ≈

β(θj)mp
2παl

eα(T−tj)l. (5)

The first approximation is due to the ignorance of the in-degrees contributed by the complementmechanism Step 4, because
the order of magnitude of q is set to be smaller than that of p. The second approximation holds for T ≫ 1. The calculation of
underlying formula for the in-degree distribution in the large-k region (namely the tail) P−

L (k) is the same as that in Ref. [26]
and is briefly listed as follows:

P−

L (k) =
1

2πk!

 2π

0

 T+1

1
k−(θj, tj)ke−k−(θj,tj)dtj


dθj ∝

1

k1+
1
α

, (6)

where k ≫ 0 is needed for the approximation.
The multidisciplinary papers can slightly affect the forepart of in-degree distribution, because those papers cite some

existing papers randomly, which makes the forepart have a small component of Poisson distribution. Hence, the forepart of
in-degree distribution of the modeled network slightly deviates from the power-law distribution.

4. Local clustering coefficients and in-degrees

The local clustering coefficient (LCC) of a node is the connecting probability of two neighbors of the node. In empirical
citation networks, the large in-degree papers have low LCCs. A sound explanation is that some highly cited papers have
influences in many topics, and the papers in different topics may not cite each other even if they cite a common paper.
Moreover, considering the average LCC of in-degree k nodes C(k), the tails of C(k) are roughly proportional to 1/k. We
illustrate this property for the DBLP 2013-09-29 (Fig. 4(a)). The other two empirical networks also have this property, which
is not illustrated here. To show how the model generates a similar tail (Fig. 4(b)), we next derive the underlying formula of
the tails of C(k) for modeled networks.

Suppose i is a highly cited paper and ti is small enough. The large in-degree nodes ofmodeled networks only count for the
papers like i. As a highly cited paper with many citations, the out-degree of i can be ignored, compared with in-degree. So
we only consider the papers that cite i. Consider any two papers j, l belong to the zone of i and cite i as well. Further suppose
tj < tl − δ. If l is not a multidisciplinary paper, the probability of l citing j is pqβ(θj)e−αltj−(1−α)ltl/(β(θi)e−αlti−(1−α)ltl) ≈

pqe−αl(tj−ti), where we use the piecewise constant property of β(·) and make the assumption that the overlap of the zone j
(having a zonewith probability q) is fully contained by that of i (this is justified if tj is large, which is common in themodeled
networkswith T ≫ 1). If l is amultidisciplinary paper, the probability of l citing j should addmax(0, E(f )−k+(θl, tl))/N(tl−
δ), where E(f ) is the expected value of f (k), and N(tl − δ) is the number of papers published until time tl − δ. The increment
is very small and could be ignored, so the probability of l citing j is approximately equal to pqe−αl(tj−ti).

Summing over all possible values of tj with the weight: the proportion of papers published in the tjth time unit and citing
i to all papers citing i, we obtain the approximate value of the expected LCC of i as follows

C(θi, ti) ≈

 T
ti+δ

pqeαl(ti−tj)


β(θi)mp
2π


e−αlti−(1−α)ltjeltjdtj

k−(θi, ti)
=

β(θi)(T − ti − δ)mp2q
2πk−(θi, ti)

, (7)
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(a) DBLP 2013-09-29. (b) Modeled network.

Fig. 4. Local clustering coefficient as a function of in-degree, compared with the theoretical prediction of Eq. (7). The panels show the average local
clustering coefficient of k-degree nodes of two networks in Table 1 respectively.

Fig. 5. The tunable global clustering coefficients of modeled networks. Increasing the values of parameters p and q can increase the value of GCC. When
varying p, we set q = 0.5, and varying q, p = 1. The other parameters are listed in Table 1.

which is inversely proportional to the in-degree k−(θi, ti). Eq. (7) also shows the parameters p and q can tune the value of
LCC, and so that of GCC (Fig. 5).

5. In- and out-assortativity

The empirical data show the highly cited papers tend to cite other papers also highly cited (Fig. 6(a)), which means the
citation networks are in-assortative. Tracking hot research topics is a reason for the in-assortativity. If a paper is highly
cited, it means that the topic discussed in this paper is a hot topic. Many researchers would focus on the topic, publish a lot
of papers about the topic, create a lot of citations between those papers, and then make those papers to be highly cited. The
empirical data are also out-assortative (Table 1, Fig. 6(c)). In fact, the annual average reference length of a paper increases
yearly, and papers usually tend to cite some papers newly published.

Simulations show modeled networks by our model are also in- and out-assortative (Table 1). To show how the model
does (Fig. 6(b), (d)), we derive the underlying formulae of the scaling relations between the published time of a paper i and
the average in- and out-degree of the papers citing and cited by i, N−,−(θi, ti) and N+,+(θi, ti), respectively.

Firstly, we consider N−,−(θi, ti). If i is a highly cited paper, the average in-degree of the papers citing i is mainly
contributed by some highly cited papers and can be calculated as follows

N−,−(θi, ti) ≈

 T
ti+δ

qk−(θi, s)


β(θi)mp
2π


e−αlti−(1−α)lselsds

k−(θi, ti)
≈

β(θi)mpq
2π

(T − ti − δ), (8)

which is a decreasing function of ti so an increasing function of the in-degree of i. If i is not a highly cited paper (so has a
small in-degree) the papers citing i come from multidisciplinary papers. The probability of a paper simultaneously to be a
multidisciplinary and highly cited paper is small (which is qr) so the probability of N−,−(θi, ti) having a large value is also
small. To sum up, themodeled networks are in-assortative. Secondly, we considerN+,+(θi, ti). If i is a non-multidisciplinary
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(a) DBLP 2013-09-29. (b) Modeled network.

(c) DBLP 2013-09-29. (d) Modeled network.

Fig. 6. The means of the average in- and out-degree of the neighbors citing and cited by k in- and out-degree papers, N−,−(k) and N+,+(k), respectively.
Panels (a,b) show those for DBLP 2013-09-29, and Panels (c,d) for the modeled network in Table 1.

paper, the average out-degree of the papers cited by i is

N+,+(θi, ti) ≈

 ti−δ

1 k+(θi, s)


β(θi)mpq
2π


e−αls−(1−α)ltielsds

k+(θi, ti)
≈

β(θi)mpq
2π


e−(1−α)l

(1 − α)l
−

ti − 1 − δ

e(1−α)l(ti−δ−1) − 1


, (9)

which is an increasing function of ti so an increasing function of the out-degree of i. If i is a multidisciplinary paper,
N+,+(θi, ti) does not satisfy the result given by Eq. (9), because it cites some papers randomly. Simulations also show the
average out-degree of the papers cited by a paperwith large out-degree fluctuates around a constant (Fig. 6(d)). In themodel,
the large out-degree papers only count for multidisciplinary papers. Meanwhile, the number of multidisciplinary papers is
very small (which is achieved by giving a small value to r , e.g. r = 0.002) so the modeled networks are still out-assortative.

6. Conclusion

A directed geometric graph is proposed tomodel citation networks with exponentially growing nodes, which overcomes
certain shortcomings of our prior proposed model, and provides better reproductions of some typical statistical features of
the empirical data, e.g. out-degree distribution. The model potentially paves a geometric way to understand some aspects
of citation networks, e.g. it abstractly quantifies the academic influences of papers by geometric zones, expresses aging
of papers by decreasing the sizes of influences with the growth of time, and then interprets the power-law tails of in-
degree distributions of citation networks by the inhomogeneous influences of papers. Some shortcomings of the model are
indicative of the need for further research: how to geometrically realize that the in-degree distributions of papers published
in the same year are power-law; how to design a more realistic strategy of localizing the copying mechanism rather than
the randomly and uniformly selecting strategy used here. The last but most important problem that needs further research
is that, if to infer proper coordinates of a part of empirical data, how to infer the coordinates for the others and predict the
future, which needs the techniques in statistics and mapping knowledge domains.
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