













































































































Cont'sfiltrationstonics

X fyfDfrsisXf0P.modulesoptointerleaving.tsmi.sIain
Éttittenectadistance

Continuous filtrations

DefA continuous filtration of a sax k is a collection ofsubcomplexes KimoofK

frog KrEkg
Moto make life easier we assume trek argyin deter exists

Tappears AT somescalenot Beyond somescaleExamples RipsdeckAlpha
Cicosed notation defsofaxes

tide 3

I
3

3 2

discrete filtration

Def Filtration functionfousexk map k Coca
at fly

sockthat ter fatefca

gym

Sublevel filtration off f an so
continuous filtration

continuousfiltration filtration function

Examply Filtration functions Rips my diam

tech m radius of smallestenclosing ball

Computation of Persistence is unhindered as it only requires the
Mf
finitelymany annotation values

Exampf offsets Scanfinite
techSin NIS13 o models growthof

neighborhoods

Thechanges
p

NerveTHY in homology canbe computed tracked by pershow














































































































d

7simplicial maps er kr tree Yr Lr Kree suchthatthefollowing diagramcommutes

Kree

2

kitekr

gi.ie Ln
Isomorphism o interleaving

argminInterleaving distance arg inf Ikr and Lin e interleaved
t

Maxdistance between filtration functions fgon k metriconequivclasses

Ilfglia yay I fer 9cal of filtrations

Proposition Sublevel filtrations off and g are Ilfglia interleaved forexample
cubicalox of

Proof Yr Yr are identities on vertices images

observe trek f r Er g a E rte viceversa

This concludes theproof A

Alsorecall X ExamXa Y ye ya dexiy EC Thea

I Rips filtrations of X Y are Le interleaved

Tech filtrations of X dy ar E interleaved

Persistence modules fix If obtained from filtrations by applying homology

Def A persistence module is a collection of finite dimensional vectorspaces Ur
alongwith linearmaps hag Vr Vg freq suchthat

hairtidy and hgsohug has f reges
Scale r is regular if Fe o hgs is an isomorphism f ges e r E rte

Scale r is critical if it is notregular

Additionalassumptions Eventuallyall haare isomorphisms AR t go R hugisisomorphism

y
holdfor

4m20 tr 0 Age r r hmuis isomorphism homologyof
our filtrationsThereareonlyfinitely many critical scales














































































































Def EsoPersis modules Ur and Wig are E interleaved if

7Linear maps er Vr Wrye YrWr Vite suchthatthefollowing diagramcommut

Vr Vote Van

Wr EW.ie Win

Def Persistence modules Un and Wr are isomorphic if theyare o interleaved
7isomorphisms V Wr commutingwiththemapsh Vr

It Ys
Wr I W s

argminInterleaving distance arg inf IV and Win e interleaved it case

Metriconisom

Observations E interleaved filtration miffy e interleaved pmodules
classesofPersmod's

Barcodes are horizontal decomposition of pers modules Letus formalize it

DefThe direct sum ofpersistence modules Ur and Wr is a persist module

Ur Wr o with bonding maps hot

Defoepeg Interval module Mpeg is a persistmodule Ur with

Vr IF if r e Pig o

p y
o s

r o if v4 Pig

bonding maps are isomorphisms whenever possible

identities

Theory Structuretheorem for persistenthomology Each persistence module is isomorphic

to a finite directsum of intervalmodules Thedecomposition is

unique up to permutation of the intervals
Barcode composition

yample
interleavingdistance between interval modules dis between prs's

formally
Are there interleaving on p modules notarisingfrominterlean offiltrations

Yes By similarspaces Let'sexplainit














































































































Def X a metricspace A BEX finite subspaces

Hausdorffdistance dxAB max yet yet dcab dead

is a metric on finite subsetsof X

Def A B finitemetric spaces
Gromov Hausdorffdistance doCAB Iinf da ult MB

Boxisometricembeddingsis a metric on isometry

infalway attained
classes of finitemetricspaces

doHEda
Proposition Eso AB finitemetric spaces datCAB EE ge 0,1 Then

2,1g
A ro and He Rips Bar Bra areze interleaved

Hq TechAir IF so and HqTechBer IF so are E interleaved

Ha RipsAir IF HaRipsBertie IF

h

AssumeABCXbydef

FactchoosebaeB dcab EE AbeBchoose a eA dlab EE

Take cyclea Canas Caras t Carand

Def Yr ca Cbaba t Ebanbail turnsout tobe a welldefinedLin map

Yr Cbab t Cbmb 3 Camab cabaab s

commutativity
all sides E nt Ze

4
IEE

gree
homology between

g
t II a yoga

4 eco
a














































































































Bottleneckdistance a metric on persistence diagrams

ForCxy Cxc a EIR define daCx4 xx Max Intel ly yet

Cat XI XI
Assume A Caraz am and 53 b bz bn are persistence diagrams

di biptsin ay elk Y X20 appearing possiblywith repetitions inAlB

Def A partialmatching between AandB is a bijective map

The matchingdistance off is

dm e max mqy.Edalv.eu3 maxEdaCuF13maxEdaCv a 13
vena veBig

letplotB bethecollection of partialmatchings A toB

The Bottleneck distance is defined as

diglot B min
YmcaB

dme

partial
matchings

Bottleneck
distance

Isometrythean the interleaving distance
Jagga

between persistence modules

EQUALS visualisation

the bottleneckdistance between persistence diagrams











































































!!crirical sxes not stable!!

IStabilitytheaut

Alternativemetric sensitiveto morechanges

Wasserstein distance

let pin
thepmatchingdistance off

mama veg 5
d e Edaluealt Idaho t Idaho

were

The p Wasserstein distance is defined as

WpCot B effaces dm'd

Wp is also stable under certain conditions


