Mathematical modelling

Neza Mramor Kosta, Polona Oblak, Ziga Virk, Aljaz Zalar

Faculty of Computer and Information Science
University of Ljubljana

2025/26

1/206



Chapter O:
What is Mathematical Modelling?

» Types of models
» Modelling cycle

» Numerical errors
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Introduction

Tha task of mathematical modelling is to find and evaluate solutions to real
world problems with the use of mathematical concepts and tools.

In this course we will introduce some (by far not all) mathematical tools
that are used in setting up and solving mathematical models.

We will (together) also solve specific problems, study examples and work on
projects.
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What should we pay attention to?

» Simplification: relevant assumptions of the model (distinguish
important features from irrelevant)

» Generalization: choice of mathematical representations and tools (for
example: how to represent an object - as a point, a geometric shape,

)

Solution: as simple as possible and well documented

v

» Conclusions: are the results within the expected range, do they
correspond to “facts” and experimental results?

A mathematical model is not universal, it is an approximation of the real

world that works only within a certain scale where the assumptions are at
least approximately realistic.
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Example

An object (ball) with mass m is thrown vertically into the air. What should
we pay attention to when modelling its motion?

» The assumptions of the model: relevant forces and parameters
(gravitation, friction, wind, ...), how to model the object (a point, a
homogeneous or nonhomogeneous geometric object, angle and rotation
in the initial thrust, ...)

» Choice of the mathematical model: differential equation, discrete
model, ...

» Computation: analytic or numeric, choice of method,. ..

» Do the results make sense?
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Errors

An important part of modelling is estimating the errors!
Errors are an integral part of every model.

Errors come from: assumptions of the model, imprecise data, mistakes in
the model, computational precision, errors in numerical and computational
methods, mistakes in the computations, mistakes in the programs, ...

Absolute error = Approximate value - Correct value

Ax =X —x

Absolute error

Relative error =
_— Correct value
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Example: quadratic equation

x> +2a%°x—q=0
Analytic solutions are

x1=—a>—+a*+q and x=-a’+a*+gq.

What happens if 2> = 10000, g = 1?7 Problem with stability in calculating
X2.

More stable way for computing x (so that we do not subtract numbers

which are nearly the same) is

(=2 +Va* +q) (& + v/ a* + q)
a2+ +/a*+q

X2:—32+ a4—|—q=

_ q
a?++/a*+q
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Example of real life disasters

» Disasters caused because of numerical errors:
(http://www-users.math.umn.edu/~arnold//disasters/)

>

>

The Patriot Missile failure, Dharan, Saudi Arabia, February 25
1991, 28 deaths: bad analysis of rounding errors.

The explosiong of the Ariane 5 rocket, French Guiana, June 4,
1996: the consequence of overflow in the horizontal velocity.
https://www.youtube.com/watch?v=PK_yguLapgA
https://www.youtube.com/watch?v=W3YJeoYgozw
https://www.arianespace.com/vehicle/ariane-5/

The sinking of the Sleipner offshore platform, Stavanger, Norway,
August 12, 1991, billions of dollars of the loss: inaccurate finite
element analysis, i.e., the method for solving partial differential
equations.

https://www.youtube.com/watch?v=eGdiPs4THW8

10/206


http://www-users.math.umn.edu/~arnold//disasters/
https://www.youtube.com/watch?v=PK_yguLapgA
https://www.youtube.com/watch?v=W3YJeoYgozw
https://www.arianespace.com/vehicle/ariane-5/
https://www.youtube.com/watch?v=eGdiPs4THW8

vVvyVvyYVvyy

Chapter 1:

inear model

Definition

Systems of linear equations

The Moore-Penrose (MP) inverse
Principal component analysis

MP inverse and solving linear systems
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1. Linear mathematical models

Given points

{(x1,%1)s s (Xm,ym)}, % €R", y; € R,

the task is to find a function F(x, a1,...,ap) that is a good fit for the data.
The values of the parameters ay,. .., a, should be chosen so that the
equations

yi=F(xj,a1,...ap), i=1,....,m,

are satisfied or, if this is not possible, that the error is as small as possible.

Least squares method: the parameters are determined so that the sum of
squared errors

m

> (F(xiva1,...3p) — yi)?

i=1
is as small as possible.
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The mathematical model is linear, when the function F is a linear function
of the parameters a; ..., ap:

F(X, al, ..., aP) = al(Pl(x) + 32802()() +eee ap<pp(x),

where 1, ¢2,...¢p: R™ — R are functions of a specific type in variable
x=(xq,...,x5) € R".

Examples of linear models:
1. linear regression: x,y € R, p1(x) =1, p2(x) = x
2. multivariate linear regression:

p1(x) = 1,02(x) = x1, p3(x) = x2, . . ., Pnt+1(X) = Xn,
3. polynomial regression: x,y € R, ¢1(x) = 1,...,¢pp(x) = xP7L,

4. frequency or spectral analysis:

©01(x) = 1, p2(x) = coswx, p3(x) = sinwx, p4(x) = cos2wx, . ..

(there can be infinitely many functions ¢;(x) in this case)
a+ bx
c+x’

Examples of nonlinear models: F(x, a, b) = ae®™ and F(x, a, b, c) =
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Given the data points {(x1,¥1), .-, (Xm,¥m)}, Xi € R", y; € R, the
parameters of a linear model

y = a1p1(x) + axp2(x) + -+ - + appp(x)
should satisfy the system of linear equations
Yi = 31(,01(X;) + 32302()([) et ap(pp(xi)a = 17 L

In a matrix form, this is equivalent to

pr(x1)  pa(xa) o pp(xa) a1 N
p1(x2)  pa(x2) o p(x2) A _ | n
e1(xm)  w2(xm) .. Pp(xm) ap Ym
or
057,
where 3= [ay,...,a,]" is a vector of unknowns (i.e. parameters of our
model).
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1.1 Systems of linear equations and generalized inverses

A system of linear equations in the matrix form is given by
AX = b,
where

» A is the matrix of coefficients of order m x n where m is the number of
equations and n is the number of unknowns,

» X is the vector of unknowns and

> b is the right side vector.
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Existence of solutions:

Let A= [a1,...,an], where &; are vectors representing the columns of A.
X1

For any vector X = ; the product AX is a linear combination
Xn

AX = g X;d:.
i

The system is solvable if and only if the vector b can be expressed as a
linear combination of the columns of A, that is, it is in the column space
C(A) of A, i.e., b e C(A).

16/206



By adding b to the columns of A we obtain the extended matrix of the
system

[A| bl =[4,...,3,]| B,

Theorem B
The system AX = b is solvable if and only if the rank of A equals the rank
of the extended matrix [A | b], i.e.,

rank A = rank [A| b] =: r.

The solution is unique if the rank of the two matrices equals the number of
unknowns, i.e., r = n.

A generic case is the following:

If Ais a square matrix (n = m) that has an inverse matrix A~!, the system

has a unique solution
X=A"1h.
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Let A € R™" be a square matrix. The following conditions are equivalent
and characterize when a matrix A is invertible (or nonsingular):

> The matrix A has an inverse.

> The rank of A equals n, or A is of full rank.
> det(A) #0.

» The null space N(A) = {xX: AX = 0} is trivial.
> All eigenvalues of A are nonzero.

> For each b the system of equations AX = b has precisely one solution.
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A square matrix that does not satisfy the above conditions does not have
an inverse.

Example
10 1 10 1
A=|01 -1|, B=|0 1 -1
11 1 11 0

A is invertible and is of rank 3, B is not invertible and is of rank 2.

For a rectangular matrix A of dimension m x n, m # n, its inverse is not
defined (at least in the above sense...).
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Theorem (Singular value decomposition - SVD)
Let A € R™*" be a matrix. Then it can be expressed as a product

A=UzVT,
where
> U e R™" js an orthogonal matrix with left singular vectors u; as its
columns,
> V € R™™ js an orthogonal matrix with right singular vectors v; as its
columns,
o1 0
. : S0 mxn - . .
> 3 = | = eR is a diagonal matrix
g, |0 0 0
0 |0

with singular values

on the diagonal.
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Derivations for computing SVD

If A= UZVT, then

2
ATA=(vzTuTyuzv=vITzv’ =v [ 50 8 ] vl e R™m
T T T T S 0,7 - moxn
AAT =(UZV ) (UZV') =Ux2'U’' =U 0 0 U' e R™"
Let
V:[\71 \72 ‘7m] and U:[Jl LTQ Jn]
be the column decompositions of V' and U.
Let e1,...,em € R™ and f1,...,f;, € R" be the standard coordinate vectors

of R™ and R”, i.e., the only nonzero component of e; (resp. f;) is the i-th
one (resp. j-th one), which is 1. Then

2y, if i <
ATAG = VETS VT = vsTye =4 iV Hfisr,
0, ifi>r,
2 - P
T T T, _ T, ) oiu, ifj<r,
AATy; = USETUT u; = UST 5_{ 0 iy
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Further on,

27 i<
(AAT)(AZ) = A(AT A)i: = { G2AV, ifi<r,

0, ifi>r,
2T e
T T N aT(aaT\+ _ | 07A b, ifj<r,
(ATA)(ATuj) = AT (AA )uj—{ 0. ifj>r.
It follows that:
$2 0 $2 0 :
> Ty — mxm T _ nxn
Y'Yy {0 O}ER (resp. XX [O O]ER ) is the

diagonal matrix with eigenvalues o,-z of ATA (resp. AAT) on its
diagonal, so the singular values o; are their square roots.

» V has the corresponding eigenvectors (normalized and pairwise
orthogonal) of AT A as its columns, so the right singular vectors are
eigenvectors of AT A.

» U has the corresponding eigenvectors (normalized and pairwise
orthogonal) of AAT as its columns, so the left singular vectors are
eigenvectors of AAT.

22/206



> AV is an eigenvector of AAT corresponding to a,-2 and so

L AV Ay
u, = = —
N 7

is a left singular vector corresponding to o;, where in the second
equality we used that

|AZ = VAD)T(AR) = \/VT AT AG: = \[o?0T 7 = o] G]| = o

> ATLTJ- is an eigenvector of AT A corresponding to aj2 and so

T~ T~
Al d; _ Al 4
(] -y

—

Vj:

is a right singular vector corresponding to o;, where in the second
equality we used that

ATl = VATu)T(ATw) = \/ul AATy; = \Jo?a] uj = o ||| = .

23/206



Algorithm for SVD computation

» Compute the eigenvalues and an orthonormal basis consisting of
eigenvectors of the symmetric matrix AT A or AAT (depending on
which is of them is of smaller size).

» The singular values of the matrix A € R™*" are equal to o; = V/;,
where )\; are the nonzero eigenvalues of AT A (resp. AAT).

» The left singular vectors are the corresponding orthonormal
eigenvectors of AAT.

» The right singular vector are the corresponding orthonormal
eigenvectors of ATA.

» If u (resp. v) is a left (resp. right) singular vector corresponding to the
singular value o;, then v = AT u (resp. u = Av) is a right (resp. left)
singular vector corresponding to the same singular value.

» The remaining columns of U (resp. V') consist of an orthonormal basis
of the kernel (i.e., the eigenspace of A = 0) of AAT (resp. AT A).
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1.2 The Moore-Penrose generalized inverse

Definition
A generalized inverse of a matrix A € R™*" is a matrix G € R™ ™ such that

AGA = A. (1)

Generalized inverses of a matrix A play a similar role as the usual inverse
(when it exists) in solving a linear system AX = b.

Among all generalized inverses of a matrix A, one has especially nice
properties.
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Definition
The Moore-Penrose generalized inverse, or shortly the MP inverse of
A € R™" is any matrix AT € R™™ satifying the following four conditions:

1. AT is a generalized inverse of A: AATA = A.

2. Ais a generalized inverse of AT: ATAAT = AT,

3. The square matrix AAT € R™™ is symmetric: (AAT)T = AA*.

4. The square matrix ATA € R™" is symmetric: (ATA)T = ATA.
Remark

There are two natural questions arising after defining the MP inverse:
» Does every matrix admit a MP inverse? Yes.

» s the MP inverse unique? Yes.
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Theorem
The MP inverse A" of a matrix A is unique.

Proof.
Assume that there are two matrices M; and M, that satisfy the four
conditions in the definition of MP inverse of A. Then,

AM; = (AMxA)M; by property (1)
= (AMp)(AM:) = (AM2)T(AM1)T by property (3)
= M (AMA)T = M AT by property (1)
= (AM,)T = AM, by property (3)

A similar argument involving properties (2) and (4) shows that
MiA = MhA,

and so
My = MiAM; = M1AMy = Mo AMy = Ms.
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Remark
Let us assume that AY exists (we will shortly prove this fact). Then the
following properties are true:

» If A is a square invertible matrix, then it AT = A~L.
> (ATt = A
> (AT)-i- - (A+)T,

In the rest of this chapter we will be interested in two obvious questions:

» How do we compute AT?

» Why would we want to compute A™*?

To answer the first question, we will begin by three special cases.
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Construction of the MP inverse of A € R™*":

Case 1: ATA e R™™ js an invertible matrix. (In particular, n < m.)

In this case AT = (ATA)1AT.

To see this, we have to show that the matrix (AT A)~*AT satisfies
properties (1) to (4):

1. AMA = A(ATA)"LATA = A(ATA)"1(ATA) = A.

2. MAM = (ATA)TIATAATA)TIAT = (ATA)TLAT = M.

3.

(AM)T = (A(ATA)*lAT> " A <<ATA>_1> T AT
—A ((ATA> T) AT AATA)LAT = AM.

4. Analoguous to the previous fact.
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Case 2: AAT € R™¥™ js an invertible matrix. (In particular, m < n.)
In this case AT satisfies the condition for Case 1, so (A7) = (AAT)71A.

Since (AT)* = (A*)T it follows that

T

— AT ((AAT)—T) T AT(AAT) L

Hence, A* = AT(AAT)" L.
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Case 3: A=Y € R™*" js a diagonal matrix of the form

01
02

The MP inverse is
‘g;r

+
)

Om
om
o; # 0,
;=20

or

or

Mt

01

02

On
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Case 4: A general matrix A. (using SVD)

1. For AT A compute its eigenvalues
A1 > A > 72)\r>)\r+1:--~:/\m:0

and the corresponding orthonormal eigenvectors

—

Viye o s Vs Vet ly oo o5 Vmy

and form the matrices

¥ =diag(v/ AL, ., VAm) € R™X,

Vi=[w - V], Va=[Vp1 -+ Vm] and V=[Vi V.
2. Let
N Avy R Avs Av,
up = ——, u = ——, s u, = y
o1 oo oy
and Ur41,. .., U, vectors, such that {u1,...,us} is an orthonormal
basis for R". Form the matrices
Ulz[ljl LT,], U2=[L7r+1 17,,] and U= [Ul UQ]
3. Then
At =vstuT.
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General algorithm for computation of A" (short version)

1. For AT A compute its nonzero eigenvalues
A1z > 2 A >0
and the corresponding orthonormal eigenvectors

Viye ooy Vi,

and form the matrices

S:diag(\/g,...,\/)\i)eRrX’,

Vi = [\71 <o \7}] e R™*,
2. Put the vectors
Ay . Avs AV,
i =—-— up=—— ... , ur =
o1 09 oy
in the matrix
U = [LTl Jr}

3. Then
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Correctness of the computation of A™

Step 1. VXTUT is equal to A™.
(i) AATA = A;

AATA=(UzZvT)(vZtuT)uzvh =vuz(vT Vst uzv’
=Urrtrv’T =uzv’ = A
(i) ATAAT = AT: Analoguous to (i).
(i) (AAT)T = AAT:

(AAD)T = ((Usz)(vsz))T - (Uzsz)T
=(ufs Jor) =[5 G
= (UzVvT)(vEZtuT) = AT,

(iv) (ATA)T = ATA: Analoguous to (iii).
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Step 2. VZtUT is equal to ViXTU; .

vzuT::[m_\@}[s 0][U{]::DAS o}{“f}:\asuf.

T T
0 0] |U; U,
Example
N . 3 2 2
Compute the SVD and A™ of the matrix A = > 3 _o|
17 8
> T = i
AA {8 17] has eigenvalues 25 and 9.
> The eigenvectors of AA” corresponding to the eigenvalues 25, 9 are
_[x a7 _[x _a77
M=\ vz . = TV o
» The left singular vectors of A are
_,7ATU17 1 1 OT -.7ATU2 1 1 4 17
1= o1 _[W V2 ]’ va = o9 _[37\/5 T3V2 ﬁ]
T
n=dnxn=[% -3 -3 .
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1 1 0
L L[5 0 0] |2 V2
. VARV, 1 1 4
A=UsVi=1T i) 5 ol |3E TnE s
V2 V2 2 2 1
V3 -3 -3
1L 1 2-9rl g
VR EEEEES
1 1 2 1 V2 V2
At=vsUT =% s s |0 5|y L
0 ;% -il]o ofLv
r’ 2
3% 35
2 s
=\ 5
2 2
L9 9
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1.3 The MP inverse and systems of linear equations

Let A€ R™*" where m < n. A system of equations AX = b that has more
variables than constraints. Typically such system has infinitely many
solutions, but it may happen that it has no solutions. We call such system
an underdetermined system.

Theorem

1. An underdetermined system of linear equations
AR =b (2)

is solvable if and only if AA*b = b.

2. If there are infinitely many solutions, the solution A*b is the one with
the smallest norm, i.e.,

|A*b|| = min {||>?||; AR = E} .

Moreover, it is the unique solution of smallest norm.
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Proof of Theorem.
1. (=) If A% = b, then b = A%y = AATAxy = AATh. )
(<) If AATb = b, then clearly AX = b has solution X = At h.

2. Assume X = ATh is a solution of AX = b, i.e. AX = b is solvable. First

prove that B
S={Atb+ (ATA-1)Z: Z€R™}

is the set of all solutions of AX = b. Note that
(AtA—NZ= C(ATA—1)= N(A).
> If X €S, then X = Atb+ (ATA — I)Z for some 7 € R”. Then
A(X) = A(ATb+ (ATA—1)2)) =
= AATh + AATAZ — A7 = b.
> Every X that solves AX = b can be written as
X=X—AtAX+ AT AX = (AtA—I)(=X) + A" b,

and so X € S.
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Now have to prove that for every 7 € R™, we have
|ABI| < IATE + (A*A - 1)Z].
Simplify:
- - T -
|A*h+ (AYA — 1)Z]? = (A+b +(ATA - /)z) (A+b +(ATA— /)z)
N N T
= |A*B|? +2 (A+b) (ATA— Z+|[(ATA— Dz
and observe that
N T
(A*b) (ATA— 1z =bT (AT (ATA— )7
=bT(ANT(ATA) T Z-bT(AN)TZ
= b7
=b

(AtAAT) T z— bT(AT)T 7
TANTz—bT(AN)TZ=0.
Thus, [|ATh+ (ATA—1)Z|]2 = ||ATB|]2+ [|(AtA = 1)Z]2 > ||ATb|]2, with
the equality iff (ATA—1)Z=0. O
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Example

» The solutions of the underdetermined system x + y = 1 geometrically
represent an affine line. Matricially, A = [1 1], b = 1. Hence,
ATh = AT1 is the point on the line, which is the nearest to the origin.
Thus, the vector of this point is perpendicular to the line.

» The solutions of the underdetermined system x +2y +3z =5
geometrically represent an affine hyperplane. Matricially,
A=[1 2 3], b=5. Hence, A*h = AT5 is the point on the
hyperplane, which is the nearest to the origin. Thus, the vector of this
point is normal to the hyperplane.

» The solutions of the underdetermined system x + y +z = 1 and
x 4 2y + 3z = 5 geometrically represent an affine line in R3.

Matricially, A = E ; :1))] b= [é] Hence, AT b is the point on the

line, which is the nearest to the origin. Thus, the vector of this point is
perpendicular to the line.
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Example
Find the point on the plane 3x 4 y 4+ z = 2 closest to the origin.

» |n this case,
A=[3 1 1] and b=[2].

> We have that AA” = [11] and hence its only eigenvalue is A = 11 with eigenvector
u = [1], implying that

U=[1] and =[+V11 0 0 ].

» Hence,
AT AT 1 T
W=-"—-—=""-=_-73 1 1]".
S AT T o VAL ]
>
3
1 3 1 11
Af=vitu'=— |1 |—=—I L
Vil | v N
11
»
;
Ab=[& § 7]
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Overdetermined systems

Let A€ R™*" where m > n. This system is called overdetermined, since
here are more constraints than variables. Such a system typically has no
solutions, but it might have one or even infinitely many solutions.

Least squares approximation problem: if the system AX = b has no
solutions, then the best fit for the solution is a vector X such that the error
||AX — b|| or, equivalently in the row decomposition

ag
A=,

Om

its square
m

|A% = b|* =Y (aix - b;)?,

i=1
is the smallest possible.
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Theorem
If the system AX = b has no solutions, then

Xt =Atb
is the solution to the least squares approximation problem:
min{||A% — b||: X € R™}. (3)

Moreover, if rank A = n, then (3) has a unique solution. If rank A < n, then
X has the smallest second norm ||x* |2 among all solution to (3).

Proof.
Let A= UXZ VT be the SVD of A. We have that

IA% = bl = |ULVTX = bl| = [£VT% - UTb],

where we used that
T - -
(U V]| =V

in the second equality (which holds since U7 is an orthogonal matrix).
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Let

p— I:S 0:| y U= [Ul UQ] y V = [Vl V2] y where

0 0

S ER, Uy € R Uy € RPX(=0) vy € RMXr V€ RM(M=r) Thys,

. s o] [vJ Ul -
=izt = |3 o] V] < (o]
H H 0 0 \/2T U2T

SV — U] b
Ul b

But this norm is minimal iff
SV'x—U/b=0
or equivalently
Vi'x=S"1U]b.
Further on,

vTY — [V1TV1 V1TV2} .

implies that VlTV1 =1, and V2T Vi = 0, where [, stands for the k x k

identity matrix.
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If rank A = m, then V; € R™*™ is invertible with the inverse VlT and

hence, . .
ViSTIUTb=ATh

is the unique solution to (3). ~
If r =rank A < m, then all x which solve ( ) are of the form ATb+ Z, for
Z € ker VlT. Since ker V1 =imV, and V2 V1 =0, it follows that the norm

=

of Ath + 7 is minimal for 7 = 0. O

Remark

The closest vector to b in the column space C(A) = {AX: X € R™} of A is
the orthogonal projection of b onto C(A). It follows that At b is this
projection. Equivalently, b — (AT E) is orthogonal to any vector AX,

X € R™, which can be proved also directly.
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Example

Given points {(x1,¥1),--.,(Xn,¥n)} in the plane, we are looking for the line

ax + b = y which is the least squares best fit.
If n > 2, we obtain an overdetermined system

x1 1 %1

Ym

The line y = ax + b in the regression line.
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Vector norm s a map HH ' R" — R, which satisfies:

1. Positive definiteness: ||)?|| > 0 for every X € R" and ||)?H =0 x=0.

2. Homogeneity: ||aX]|| = |a|[|X|| for every & € R and X € R”

3. Triangle inequality: ||X + y|| < [|X|| + ||| for every x,y € R".

Example
Let X = [x1,...,X,]T € R".

» p—norm for p € N:
€15 = (balP + . + [xa )P
» Supremum norm:

1X]|c0 = max(|xil, .-, |Xn])-
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Unit spheres in various norms

05
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Matrix norm isa map HH R™ R, which satisfies

Positive definiteness: ||Al| > 0 for all A€ R"™" and ||A]| =0 < A=0.
Homogeneity: ||aA|| = |a| [|A|| for all « € R in A € R"*".

. Triangle inequality: ||A+ BJ| < ||Al| + ||B]| for all A,B € R™".
Submultiplicativity: ||AB|| < ||A||||B]| for all A, B € R™".

=

Proposition
Let || - ||« be a vector norm on R". Then

A%
IIA]l, == max ||AX]|, = max I f||*
i "R,

defines a matrix norm on C"*",

Proof: click
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https://github.com/ZalarA/Numericne_metode/blob/main/Dokazi/Matricne_norme.pdf

Let A=[aj];,_; , € R"™" be a matrix. Some matrix norms are the
following:

1. 1-norm:
n

[[All2 Zj_rr11axn(2|a,-j]). Proof: klik

Ty .
i=1

2. Spectral norm: Here \;(X) stands for the j—th eigenvalue of X.

41 = |/, max A(ATA)
Jj=1,...,n

3. Frobenius norm:

[AllF =

n
> lagl>.

ij=1

4. Supremum norm:

1Al =

=1,

n
nax (Z |aij]).-
j=1
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1.4 Principal component analysis (PCA)

> SVD is an essential tool for the PCA, which is a very well-known and
efficient method for data compression, dimension reduction, ...

» Due to its importance in different fields, it has many other names: discrete
Karhunen-Logve transform (KLT), Hotelling transform, empirical orthogonal
functions (EOF), . ..

> Suppose we are given n data points Xi, ..., X, € R?, viewed as rows
of a n x d matrix X. Each entry x; ; of

Xi = (Xi1, X2, Xi.d)

represents the value of some feature of X;, i.e., if X; represents a
person, then x; ;'s can represent his/her year of birth, the height, blood
sugar level, blood presure, etc. The columns Cy,..., Cy of X are also
called feature vectors.
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» Basic idea of PCA: Determine the vectors Y(1) ... Y(d) ¢ R
called principal components (PCs), which are uncorrelated
projections of centered data points Xi,..., X, onto some unit vectors
v vl € RY such that the variances Var(Y(), ..., Var(Y(9)
are maximized.

> Algorithm for the computation of PCs of X:

1. Centralization of data:
For each column C; compute its mean value

1 < 1
pj = E in’j = E(Xl’j + X2.j +...+ Xn,j)
i=1

and subtract the centroid
o= (pa, 2, - fd)
from each row of X:
X = 1nqdiag(p) = [xij — wilij,

where 1, 4 stands for the n x d matrix with all entries equal to 1 and
diag(x) is a diagonal matrix with j-th diagonal entry ;.
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2. Computation of the singular value decomposition (SVD) of

X — ln,d dlag(ﬂ)
Let
X -1, 4diag(p) = UDVT

be the SVD of X — 1, 4diag(y), where U € R™", V € R4 are
orthogonal matrices and D € R"*9 is a diagonal matrix with the
singular values

in decreasing order on the main diagonal.

3. Computation of the PCs of X:
The PCs of X are points Y1), ..., Y(4) € R" obtained by

Yy = (X — 1,4 diag(1) v = oyu®, k=1,...,d,

where v(%) and u(k) are the k—th columns of V and U, respectively.
The vectors v(¥) and u(%) are called right (resp. left) principal
directions.
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PCA provides a linear dimension reduction method based on a projection of
the data from the space R" into a lower dimensional subspace spanned by
the first few principal vectors vi, ..., Vi in R".

The idea is to approximate
Xi=o01u1 i1 + -+ Omlm iVm = o1U1jV1 + -+ - + Oy Vi

with the first k most informative directions in R"” and supress the last
m—k.

PCA has the following amazing property:

Theorem (Eckart-Young)

Among all possible projections of p: R" — R¥ onto a k-dimensional
subspace, PCA provides the best in the sense that the errors

IX =p(X)IE  and X = p(X)II3,

where p(X) = [p(X1) -+ p(Xm)] T, are the smallest possible.
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Chapter 2:

Nonlinear models

» Definition and examples
» Systems of nonlinear equations

» Vector functions of vector variables

» Derivative and Jacobian matrix
» Linear approximation

» Newton's method for square systems

» Univariate case: Tangent method
» Use in optimization

» Gauss-Newton's method for rectangular systems
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3. Nonlinear models
General formulation

Given is a sample of points {(x1,y1),...,(Xm,¥m)}, xi € R", y; € R.
The mathematical model is nonlinear if the function

y=F(x,a1,...,ap)
is a nonlinear function of the parameters a;. This means it cannot be
written in the form

y = aifi(x) + axfo(x) + ... + apfp(x),

where each f; : R" — R is some function.

Plugging each data points into (5) we obtain a system of nonlinear
equations

yi= F(xlaala”'vap)v

ym — F(xmaala"'aap)a

in the parameters a1, ...,ap € R.

(5)

(6)
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Examples

1. Exponential decay or growth: F(x, a, k) = ae®*, a and k are
parameters.

A quantity y changes at a rate proportional to its current value, which
can be described by the differential equation

dy

kK

dx 4
The solution to this equation (obtained by the use of separation of
variables) is y = F(x, a, k).

en(-/25)
T en(-x5) ———
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Examples

X—b\2
2. Gaussian model: F(x,a, b,c) = 2e—(52%) , a,b, c € R parameters.

a is the value of the maximum obtained at x = b and ¢ determines the
width of the curve.

It is used in statistics to describe the normal distribution, but also in
signal and image processing.

In statistics a = %ﬁ b= u, c =20, where pu, o are the expected

oV2r’
value and the standard deviation of a normally distributed random

variable.
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Examples
a

3. Logistic model: F(x,a, b, k) = {Tbe) k>0
The logistic function was devised as a model of population size by
adjusting the exponential model which also considers the saturation of
the environment, hence the growth first changes to linear and then
stops.
The logistic function F(x, a, b, k) is a solution of the first order
non-linear differential equation

20 103 2)

100

80

Logistic

Exponential

@
=]

Population

40

20
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Examples

4. In the area around a radiotelescope the use of microwave ovens is forbidden, since
the radiation interferes with the telescope. We are looking for the location (a, b) of
a microwave oven that is causing problems.

The radiation intensity decreases with the distance r from the source according to
« . .
u(r) = ——. In cartesian coordinates:
1+r

a
1+/(x—a)2+(y— by’
where (a, b) is a position of the microwave.

u(x,y) =

Task: Find the position of the microwave, if the measured values of the signal at
three locations are u(0,0) = 0.27, u(1,1) = 0.36 in u(0,2) = 0.3.

This gives the following system of equations for the parameters «, a, b:

(0%
- = 027
1+Va2+ b2
(e
= 036
1++/(1—a)2+ (1 - b)?
e = 03

1+ +/a*>+ (2 - b)?
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An equivalent, more convenient formulation of the nonlinear system

» Qur goal is to fit the data points

{(x17y1)7"'7(xm7.ym)}’ x’ 6Rn7 .yl ER'
» We choose a fitting function
F(x,a1,...,ap)

which depends on the unknown parameters ay, ..., ap.
| 4 Equivalent fOI’mu|ati0n Of the System (6) ( which will be more suitable for solving with

numerical algorithms) IS:

1. Fori=1,..., m define the functions
g RP R by the rule gi(ai,...,ap) =yi — F(xi,a1,...,ap).
2. Solve or approximate the following system by the least squares method
gi(ar,...,ap) =0,
(7)
gm(ai,...,ap) =0.
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An equivalent, more convenient formulation of the nonlinear system - continued

In a compact way (7) can be expressed by introducing a vector function
G:RP = R™, G(ai,...,ap) = (g1(a1,..-,3p),-.-,&m(a1...,ap)), (8)

and search for the tuples (ay, ..., ap) that solve the system (or minimize
the norm of the left-hand side)

G(a1,...,a3p) =(0,...,0). (9)

Remark

Solving (9) is a difficult problem. Even if the exact solution exists, it is not easy
(or even impossible) to compute. For example, there does not even exist an
analytic formula to determine roots of a general polynomial of degree 5 or more.
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3.1 Vector functions of a vector variable

Neccessary terminology to achieve our plan

G from (8) is an example of

» a vector function: since it maps into R™, where m might be bigger
than 1.

P a vector variable: since it maps from RP, where p might be bigger than
1.

Remark
» |[fm=1andp>1, then G is a usual multivariate function.
» [fm=1and p=1, then G is a usual (univariate) function.

For easier reference in the continuation we call gi, ..., gm from (8) the
component (or coordinate) functions of G.
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Examples

1. A linear vector function G : R” — R™ is such that all the component
functions g; are linear:

g,'(Xl,...,X,,) =ajp-x1+ap-xo+...+ajpn Xp, Where aj € R. (10)

In this case
G(X) = AX,
where
a1 a12 din
a1 axn azp
A= ]
dml dm2 .- Amn

2. Adding constants b; € R to the left side of (10) we get the definition
of an affine linear vector function,

gi(1,...,n) = ajnx1 + ajpxo + ... ajnxn + by,
and then
G(X) = AX+b, where b=[b by ... b, ] .
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Examples

3. Most of the (vector) functions are nonlinear, e.g.,

fiR = R% f(x,y,z)=(x*+y*+2°—1L,x+y+z),
g:R2 5 R3  g(z,w) = (zw, cos z + w? — 2, €%%),
h:R —R? h(t) = (t+3,e3).
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Derivative of a vector function - is needed in the algorithms we will use

The derivative of a vector function F : R” — R™ in the point
a:=(a1,...,an) €R”

is called the Jacobian matrix of F in &

B@ - 3G
Jr(3) = DF(2) = | =[erad (3) - grad ()]
Mz . UG

> If n=m=1, the Js(x) = f'(x) is the usual derivative.
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Derivative - continued

» For general nand m =1, f is a function of n variables and

is its gradient.

Proof: Click

Je(X) = (grad f()‘(’))T

VFixg vol

PP[_\,_,___\:,I,| \\

-
level curve”

fle.yvi=«&

=
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Examples

1. For an affine linear function f: R” — R™, given by f(X) = AX+ b, it

is easy to check that
Jr(X) = A.

2. For a vector function f: R3 — R?, given by
f(x,y,2) = (x* +y* +2° = Lx +y +2),

then
2x 2y 2z
Jf(Xayax):|:1 f/ 1:|
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Application of the derivative - linear approximation

A linear approximation of the vector function f : R” — R at the point
3 € R" is the affine linear function

Ly R" 5 R™, LyX)=AX+b

that satisfies the following conditions:

1. It has the same value as f in 3 Lz(3) = f(3).

2. It has the same derivative as f at 3. J;_(a) = J¢(a).
It is easy to check that

La(x) = £(3) + Jr(3)(x — 2.

> n=m=1:
Ls(x) = f(3) + f'(3)(X — 3)

The graph y = Lz(x) is the tangent to the graph y = f(x) at the point a.
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Application of the derivative - linear approximation continued

» If n=2and m=1, then
X —a
L) = 1(a.0) + (eradf(a, )T ¥ 5.
The graph
Z = L(a,b)(X7y)

is the tangent plane to the surface z = f(x, y) at the point (a, b).

4
Tangent plane at P

—

z=f(x,y)

Proof: Click
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Example

The linear approximation of the function
f:R3 - R2 f(x,y,2) = (P +y*+ 22— Lx+y+2)
at a = (1,—1,1) is the affine linear function

x—1
Li(x,y,z) =f(1,-1,1)+ Df(1,-1,1) |y + 1
z—1
_'2]+{2 -2 2} X:
1 1 11|
z—1
24+ 2(x—1)—2(y + 1) +2(z - 1)
1+ (x—1)+(y+1)+(z2-2)
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3.2 Solving systems of nonlinear equations

Let f : D — R™ be a vector function, defined on some set D C R".

We will study the Gauss-Newton method to solve the system f(x) =0 in
terms of least squares. This is one of the numerical methods for searching
approximate solution of this system. It is based on linear approximations of
f.
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Newton’s method for n = m =1
We are searching zeroes of the function
solving f(x) = 0.

Newton's or tangent method:

We construct a recursive sequence with:

P> xg is an initial term,
P> xyx41 is a solution of

Lo, (%) = () + £/ (i) (x = x) =

y

f:D—R,DCR,ie., we are

f(x
0, SO Xk+1 = Xk — f,((xkk)).
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Newton’s method for n = m = 1 - continued

Theorem
The sequence x; converges to a solution o, f(a) =0, if:

(1) 0 # |f'(x)| for all x € I, where | is some interval containing «,
(2) xo is sufficiently close to «.

Under these assumptions the convergence is quadratic, meaning that:

If we denote by ¢j = |xj — «

, then gj41 < I\/l&:,?,

where M is some constant. If f is twice differentiable, then

M < max|f" in | F(x)].
< max [f7(x)|/ min|f'(x)|
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Proof.
Condition (1) implies in particular that « is a simple zero of f. Plugging «
in the Taylor expansion of f around x; we get

0= f(a) = f(x;) + F(x;)(a — x;) + ") (a — x;)?

= f(x;) + f'(x;) (e — x;) +

where 7 is between « and x;. Dividing (11) with f'(x;) we get

1) tam £
and hence () )
< . f'(x,-)> I T O
Thus, ) | s
S+l = ‘2f’(x,-) €
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maxye |7 (x)|
min,e [F/(x)|

f"'(n)
f'(xi)
To prove that the sequence converges note that there exists dg > 0 such
that

<

Még < 1.
Hence, if ¢; < dg, then
') | » 1
€i+1 = ’2f’(xl) € = Ee,'.
Therefore
Jim e = Jim 5 =0
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Newton’s method for n = m > 1

Newton's method generalizes to systems of n nonlinear equations in n
unknowns:

> Xp — initial approximation,

> X,.1 — solution of
Lg (X) = f(Xk) + Df (X)(X — X)) = 0,

SO
Xy11 = Xk — Df()?k)_lf()_(k).

In practice inverses are difficult to calculate (require to many operations)
and the linear system for AXj = Xj11 — Xk

is solved at each step (using LU decomposition of Df(Xx)) and hence
X1 = Xk + DX
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Example
Derive Newton's method for solving the system of quadratic equations:

x4y —10x+y =1,
x? —y? — x4 10y = 25.
We are searching for the zero of the vector function
F:R? 5 R? F(x,y)=(x*+y?>—10x+y —1,x> — y?> — x + 10y — 25).
The Jacobian of F in (x,y) is

C[ex—10 2y +1

DFOY) =10 -1 —2y4 10|

Using Newton's metod we:
> Choose an initial term (xo, yo)-

» Calculate x,11 = x, + Ax,, where DF(x,, y,)Ax, = —F(x., y,) 7.
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Gradient descent

Optimization methods can also be used to ensure a sufficiently accurate starting
approximation for the Newton-based techniques. (Like bisection does for a single

one-variable equation.)
Finding solutions of the system F(x) = 0, where
F=[F,...,F]" :R" - R"
is equivalent to finding global minima of
g(X) == |F|? = F(R)*+ ...+ Fp(x)* : R" > R.
We search for the local minima of g
as follows:

1. Choose Xp.
2. Determine the constant « in X, — « - (grad g)(X;)) which mimimises

h(a) = g(X% — a - (grad g)(x;))-

(Or is significantly smaller than h(0) = g(x;).)
3. Xry1 =% —a - (grad g)(x;).
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Chapter 3:

Curves

Definition and examples
Derivative

Arc length

Plotting plane curves

Area bounded by plane curves
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Curves - definition and examples

A parametric curve (or parametrized curve) in R™ is a vector function
fi(t)
f:l—R™ f(ty=1 |,
fm(t)

where | C R is a bounded or unbounded interval.

The independent variable (in this case t) is the parameter of the curve.

For every value t € I, f(t) represents a in R™.

As t runs through /, f(t) , or a , in R™.
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If m=2, then for every t € [,

x(t)

f(t) = =r(t
) [y(t)] "
is the position vector of a point in the plane R?.

All points {f(t),t € I} form a plane curve:

(x(b)y(b)) (x(@)y(@)

L

(x{t).yith)

In this example x(t) = tcost, y(t) = tsint,t € [-37w /4,37 /4]
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If m= 3, then
x(t)
f(t) = |y(t)| =r(t)
z(t)

is the position vector of a point in R3 for every t, and {f(t),t € I} is a
space curve:

xo)yby2io) |

G2 iavata)
I

In this example x(t) = cost, y(t) =sint,z(t) = t/5,t € [0, 47]
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Example

/,,,‘;,1\(2005 t,2sin t)

R VA

2cost / ,‘ L/
4

a circle with radius 2 and center (0, 0)

f(t)=ro+te,t € R,
r,ec R" e#0

line through rg in the direction of e in o,
R™ slope k = ey/e1 if 1 #0
vertical if e = (0, &)
horizontal if e = (e1,0)

84/206



Example

32t
f(t):[ttz_t },teR

t +sin(3t)

f(t)=[t+cos(5t)},teR /@9
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A parametric curve f(t),t € [a, b] is closed if f(a) = f(b).

Example

cos 3t
f(t) = [ A } ,t €[0,27]
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Problem: What path does the valve on your bicycle wheel trace as you bike
along a straight road?

Represent the wheel as a circle of radius a rolling along the x-axis, the valve
as a fixed point on the circle, the parameter is the angle of rotation:

_ix

The curve is a cycloid: x(0) = af — asin6, y(§) = a — acos 6.

x = a(0 — sin )
y=a(l —cosf)

T af 2ra
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The following parametric curves all describe the circle with radius a around

the origin (as well as many others):

/ IIAN
_ | asint P
fi(t) = [ 2cos t } t € [0,27] \\ /,
/I
acos2t YO -
fZ(t) = asin 2t IS [0?27T] 7\\ l //""
|
acost
Alt) = [ asint } teR
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Derivative, linear approximation, tangent

x1(t)
The derivative of the vector function f(t) = 5 at the point a is
Xm(t)
the vector:
(2 1
Df(a) = : = f'(a) = lim =(f(a+ h) — f(a))
’ h—0 h
Xm(a)
T e

(f(a+h)-f(apin

The vector f’(a) (if it exists) represents the velocity vector of a point
moving along the curve at the point t = a.

If /(a) # O it points in the direction of the tangent at t = a.
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The linear approximation of the function f at t = a is

La(t) = f(a) + (t — a)f'(a)

/

> If f'(a) # 0, this is a parametric line corresponding to the tangent line
to the curve f(t) at t = a. In this case f(a) is a regular point of the
parametrization.

» If £/(a) = 0 (or if it does not exist), the parametrization of the curve is
singular in the point f(a).

> A curve C € R™ is smooth at a point P on C if there exists a
parametrization f(t) of C, such that f(a) = P and f'(a) # 0.

> A smooth curve has a tangent at every point P € C.
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VTN

Problem: s the curve C = {f(t),t € [0,V2n]}, / \‘
cos(t?) 5 T )

— \ /
f(t) Lin(tz)} , smooth? 1

Since x2 + y2 =1, f(t) is a parametrization of the unit circle which is a
smooth curve (it has a tangent at every point).

Since f'(0) = 0 the parametrization f is singular in the point (1,0).

However, a smooth parametrization exists. Can you find it?
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Problem: Is the cycloid a smooth curve?

o b
Our parametrization .

f(t):{ t—sint ]’ F(t) = [ 1—cost]

1—cost sint

is not smooth at t = 2k since f'(2kw) = 0.

Does a tangent exist?
The slope of the tangent line at a point f(t) is:

y'(t) sint
kt = = —
x'(t) 1—cost
The left and right limits as t — 2k7 are

cost . . cost
= —00, limpokrke = lim — =
t\2km SIn t

lim ks = lim

t 2k t 72km sin t ’

so at these points the curve forms a sharp spike (a cusp) and a tangent does not exist.

So, the cycloid is not smooth at the points where it touches the x axis.

('Hospital’s rule was used to compute the limits.)
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Arc length and the natural parametrization

The arc length s of a parametric curve f(t), t € [a, b], in R™ is the length
of the curve between the points t = ain t = b, i.e. the distance covered by
a point moving along the curve between these two points.

Example

For example, what distance does a point on the circle cover when the circle makes one
full turn?

Proposition

The arc length s of a parametric curve f(t) between the points t = a and
t = b is given by

b
s = / I (t)] dt.
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Proof of the Proposition

An aproximate value for s is the length of a polygonal curve connecting close enough
points on the curve:

T

n

Sp = z lf(t:) — F(ti-a)|

i=1

=Y If'(t-y)llAe
i=1

b
N / 1F(2)] dt

where:

» The value f(t;) = f(ti—1 + At), where At = t; — t;_1, was approximated as
f(t,') = f(t,;l) + fl(t,;l)At and hence f(t,') = f(t,;l) + f’(t,;l)At. (Under the
assumption that f’ is continuous.

» In the last line we used that the sum represents a Riemannian sum of the function
I (&)l

» For n big enough, s, is a practical approximation for s.
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Problem: The length of the path traced by a point on the circle after a full turn?

t—sint
1—cost

2w 27 2w

s = / \/(1—C°st)2+sin2tdt:/ \/2—2costdt:/ 4sin®(t/2) dt
0 0 0
27

- /0 2sin(t/2) dt = —a(cos(r) — cos(0)) = 8.

A parametrization is f(t) = { ] and hence:

acost
Problem: What is the arc length of the helix f(t) = |asint|, 0 <t <2x?
bt
Problem: The circumference of the elipse {ZC:S j ,a#b?

27 /2
\/aQSin2t+b2cosztdt:4a/ V1 — e?sin® t dt = 4aF(e)
0 0

where e = /1 — (b/a)? is its eccentricity and the function E is the nonelementary elliptic
integral of 2nd kind. It can be computed numerically, which is briefly explained in the
next few slides.
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Plane curves

x(

For a plane curve f(t) = {y(g] the tangent at a regular point f(a) is

» the vertical line
x = x(a)

if x'(a) =0 and y/'(a) #0,
> the line

if x'(a) #0,
» the horizontal line

if y’(a) =0 and x'(a) # 0.
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Plotting a parametric plane curve

e——

;
|
£
%
. e
i1
i

Here is a general strategy:
» find the asymptotic behaviour: lim f(t), lim f(t)

t— o0 t——o0
> find intersections with coordinate axes: solve y(t) =0 and x(t) =0

> find points where the tangent is vertical or horizontal: solve x'(t) = 0 and y'(t) =0

» find self-intersections: solve f(t) = f(s), t#s
> and the two tangents there

» look for other helpful features ...

> connect points r(t) = f(t) by increasing t
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Problem: find the self-intersection (if there is one) of a parametric curve

3_
Let f(t) = { ttz _2tt ]

A self-intersection is at a point f(t) = f(s), with t # s, so:

3 _2t=s3-2s and t2—t=s2—5
= t3-s3=2t—-2s and t?—s2=t—s

Since t # s we can divide by t — s:

t?4+ts+s>=2 and t+s=1
= t=1-5s and (1—-5)®+s(l—s)+s?>=2.

The self-intersection (where s and t can be interchanged) is at
1
s= (VB2 = (- VB2 A =r)= | 7).
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Problem: do two parametric curves intersect. Imagine two cars speeding

along the two curves. Do they crash?

2 -1 s—1
Let fi(t) = [t3t2+t+1]’ h(s) = [152]'

To find the intersections, solve the system

t2—1=s—-1 and —t3—t’+t+1=1-—¢2

= s=t> and —s0—s*+s2+1=1-—¢2

There are three solutions:

t=-1,s=1 = x=0,y=0
t=0,5s=0 = x=-1,y=1
t=1,s=1 = x=0,y=0

The cars meet at t = 0,s = 0 at the point (—1,1) and at t = 1,5 = 1 at the point (0, 0).
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t2—1 , 2t
Problem: plot f(t) = B2 i1 f(t) = 32 ¢ 41

. . . 00 . oo
> : = =
Asymptotic behaviour: tln;o f(t) [—oo] t—LIToo f(t) Lo}

» intersections with axes:t = +1, at
(0,0) ; )
this is also a self-intersection :

2

> the two tangent lines at (0,0) ;—1/3

> att=-1: y =0,
> oatt=1 y=-2x A=
: t=—1
> vertical tangent: t =0 at (—1,1) ' t=1 ‘ ’ ’

» horizontal tangent
> attp =-1,y=0,
> attr, =1/3, y =32/27
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Areas bounded by plane curve

. Let f(t):[;gg], t € [ab] T

The area of the quadrilateral bounded by the curve and the x-axis is

x(b) b
P / | Il / (B (2) dt

Problem: the area under one arc of the cycloid:

x(t) = at — asint, y(t)=a— acost,

21 21
P= / a’(1 — cost)’ dt = 32/ (g —2cost+ % cos(2t)) dt = 3a’r.
0 0
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Il. The area of the triangular region bounded by the curve f(t),t € [a, b],
and the two end-point position vectors f(a) and f(b):
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Proof of the area formula

An approximate value of the area is the sum of areas of triangles obtained by subdividing
the interval [a, b] into n intervals of length At = (b — a)/n.

The area of a triangle with vertices (0,0), f(t;), f(ti+1) is

AP = 3 (ta) x F(8)] = 21I(F(8) + F/(8)A8) x £(5)]

1, . 1, '
= 51 (6) x f(t)l|At = S|y (t)x(t) —x (t)y ()| At,
where the last equlatiy follows from the calculation
f'(t:) x f(t:) = (x' (1), y'(t:),0) x (x(:), ¥(t:), 0)
= (X' (t:)y(t:) — y'(t:)x(t:),0,0).
The area is obtained by adding these and letting n — oc:

P = lim 33" 1y(6)x(8) —  (6)y(e)] ¢

, =0
=3 [ KOy O -yox ol
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Problem: the area bounded by
1. the asteroid x(t) = cos® t, y(t) =sindt, t € [0,27] is

1
2. the elipse x = acost, y = bsint, te [0,27] is

i
\q//

Hint. In both problems use the identities

1
sin’t = %(1 — cos(2t)), cos’ t = 5(1 + cos(2t)).

In the first problem all you have to really integrate after subtractions of some terms is

1-— COS2 2t). The results are == for the first and abw for the second problen
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Differential equations and dynamic models

Ordinary differential equation, ODE, is an equation of an unknown function
and an independent variable. ODE relates the independent variable with
the function and its derivatives.

If t is an independent variable, x(t) is a function of ¢, then the ODE is of
the form:
F(t,x, % %,...,xM)=0.

Similarly if x is an independent variable, y(x) a function of x, then the
ODE is of the form:

F(X7y7.y,’.y//7"'7y(n)) :O'

The order of a differential equation is the order of the highest derivative.
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Examples of ODEs
> x—3t2=0.
So,
dx

i 3t2> = x(t)=t>+ C, where C is a constant.

If we want to determine C, we need an additional condition, e.g.,
initial condition x(0) = xp, xo € R, or any other condition x(tp) = xo,
xo € R.

> y"(x) +2y'(x) = 3y(x).

We will learn how to solve such an ODE, but right now let us only
check that y(x) = Ce=3%, C € R a constant, is a solution:

> Calculate y"(x), y'(x):
y'(x) = =3Ce™>, y"(x) =9Ce 3.
» Plug into the given ODE:
9Ce ¥ — 6Ce™3* =3Ce .
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> cost-x —3t* x+5et =0.

Such ODE's cannot be solved analytically (or are at least hard to
solve). We will learn how to solve such ODE’s by using numerical
methods.

Partial differential equation, PDE, is an equation for an unknown function u
of n > 2 independent variables, e.g., for n = 2 we have

F(X7y7 UX7 u_}/7uXX7”-) = 07

where x, y are the independent variables.

We will not consider PDE's, from now on DE means an ODE.
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Applications of DEs

Differential equations are used for modelling a deterministic process: a law
relating a certain quantity depending on some independent variable (for
example time) with its rate of change, and higher derivatives.

1. Newton's law of cooling:

T=k(T—Tx), (12)

where T(t) is the temperature of a homogeneous body at time t, Ty is
the initial temperature at time tg = 0, T is the temperature of the
environment, k is a constant (heat transfer coefficient).

(12) is an example of a separable ODE and also the first order linear
ODE. We will see shortly how to solve such types of ODE's. For now
you can check easily by yourself that the solution is

T(t) = Too + (To = Too)e,

which only makes sense if kK < 0.
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2. Radioactive decay:

J(t) = —ky(t), k= B2

tio’

where y(t) is the remaining quantity of a radioactive isotope at time t,
t1/2 is the half-life and k is the decay constant. The solution is

y(t) = Ce ", where C is a constant.

Let's verify, that t;, really represents the time in which the amount of
the isotope decreases to half of its current amount. At time t = 0 the
amount is y(0) = Ce® = C. We have to check that y(t;/5) = %:

y(tiy2) = Ce ¥ = Ce 082 — Celog1/2 — %

3. Simple harmonic oscillator:

X+ wx = 0.
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Solution of a DE

The function x(t) is a solution of a DE

F(t,x,x,X,... ,x(”)) =0
on an interval / if it is at least n times differentiable and satisfies the

identity
F(t,x(t), x(t), %(t), ..., x"(t)) = 0

forall t € 1.
Analytically solving a DE is typically very difficult, very often impossible.

To find we use different simplifications and
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First order ODEs

We will (mostly) consider first order ODEs in the form
x = f(t,x).

P> The general solution is a one-parametric family of solutions
x = x(t, C).

» A particular solution is a specific function from the general solution,
that usually satisfies some initial condition x(ty) = xo.

» A singular solution is an exceptional solution that is not part of the
general solution.

We will first look at some simple types of 1.-st order DEs that are
analytically solvable.
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Separable DE
A separable DE is of the form

x = f(t)g(x).
This can be solved by:

d
» Inserting x = T into (13):

dt
dx
— =f(t .
™ = f(1)s()
» Separating variables in (14):
e f(t) dt.
g(x)

> Integrating both sides of (14):

/;sz/ﬂﬂm+c

(13)
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Example 1 of a separable DE

where k € Ris a fixed real number (16)

g d
Ix
=k
dt %
g d
K kdt,
X
g d
|%up::=/km:m+a
where C is a constant and so
kt+C

is a general solution to (16). Clearly, x(t) = 0 is also a solution of the
equation. By introducing a new constant e which, by abuse of notation,

we again denote by C, this is equivalent to
x(t) = Cekt C e R.
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Example 2 of a separable DE

‘)’( = kx(1 — x)‘ where k € Ris a fixed real number (17)
g d
d—: = kx(1 — x),
g d
7)( — kdt,
x(1 - x)
» By the method of partial fractions we get
log 1 = log |x|—log |1—x| = :/kdt: kt+C,
where C is a constant and so
X
- C kt
1—x ¢
Expressing x(t) we get
1
t)=—7F— 1
X( ) Cefkt_|_ 1 ( 8)

is a general solution to (17). x(t) from (18) is called a logistic function.
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Example 3 of a separable DE

—X
ye
>
dy _ —x
dx )«exz ’
»

ydy = —xe X dx,

1
— = /ydy = /(—xex2)dx = Ee’x2 +C,

where C is a constant.
»1=YO_1,c= c=0
Expressing y(x) we get y(x) = Ve~ and since y(0) > 0 we have

> Integrating:
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Real life DE example: population growth

Let x(t) be the size of a population (bacteria, trees, people, ...) at time t.
The most common models for population growth are:

P> exponential growth: the growth rate is proportional to the size,
modelled by x = kx, with the solution the exponential function
x(t) = xpekt, where xo = x(0) is the initial population size.

P logistic growth: the growth rate is proportional to the size and the
resources, modelled by x = kx(1 — x/Xmax), where xmax is the capacity
of the environment, i.e., maximal population size that it still supports,
with the solution is the logistic function.

> . the growth rate is proportional to the size, but the
proportionality factor depends on time and size, modelled by
x = k(x, t)f(x); the equation is not separable and is analytically
solvable only in very specific cases.
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Real life DE example: information spreading

x(t) is the ratio of people in a given group that at time t knows a certain
piece of information.

Let xp = x(to) be the ‘informed’ ratio at time t = tp.

Consider two possible models:

» spreading through an external source: the rate of change is
proportional to the uninformed ratio x = k(1 — x) with xo = 0,

» spreading through "word of mouth” the rate of change is proportional
to the number of encounters between informed and uninformed
members x = kx(1 — x) logistic law, again, with xg > 0.
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First order linear ODE

A first order linear DE is of the form

x+ f(t)x = g(t) (20)

The equation is homogeneous if g(t) =0 and if g(t) # 0.
A homogeneous part of (20),

%+ f(t)x =0, (21)

has a general solution of the form
Cxp(1), (22)

where C € R is a constant and xp(t) is a particular solution. Indeed:

> Every x(t) of the form (22) is a solution of (21):

X'(t) + £(t)x(t) = (Cxn) (t) + F(t) Cxn(t)
= Cxp(t) + f(t)Cxn(t)
= COx(t) + F(t)xa(1))
=0
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» If x(t) is a solution of (21), then it must be of the form (22). Indeed,
since x(t) and xp(t) both solve (21),

(X(t) )’ _ X(&)xa(t) — x(£)x4(t)
xp(t) Xh(t)
—f(t)x(t)xn(t) + F(t)x(t)xn(t)
x;(t)

=0.

Hence, )Z((tt)) = C for some constant C and x(t) is of the form (22).

Let x,(t) be any particular solution of (20):

xp(t) + F(t)xp(t) = g(t). (23)

The general solution of (20) is a sum
x(t) = Cxu(t) + xp(1). (24)
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Indeed:
» Every x(t) of the form

X' (1) + F(£)x(t)

24) is a solution of (20):

(

(Cxn(t) +xp(1)) + F(E)(Cxn(t) + xp(1))
Cxi(t) + xp(t) + F(£) Cxa(t) + () (1)
(€
0+

Xp(t) + F(£) Oxn(t)) + (x5() + F(£)%p(1))
g(1),

where we used (23) in the last equality.

» If x(t) is a solution of (20), then it must be of the form (24). Indeed,
since x(t) and x,(t) both solve (20), x(t) — x(t) solves the
homogenous part (21) of (20). Hence, x(t) — xp(t) = Cxp(t) for some
C and x(t) = Cxp(t) + xp(t).

The particular solution x, can be obtained by variation of the constant,
that is, by substituting the constant C is the homogenous solution by an
unknown function C(t) which is then determined from the equation.
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Example of a linear ODEs

[Pire=1] [x1)=2] (25)

1. The homogenous part is

2% + tx = 0. (26)

So the solution xp to (26) is
d dt C
Pdx=—txdt = — = -5 = log |x| = —log |t| 4+ log C = Iogm

X

N C

Xp = —.

Tt

2. A particular solution of the nonhomogenous equation is obtained by
variation of the constant:

C(t) . C'(t)t—C(1)
t2

by inserting into (25) we obtain

Cl(t)t— C()+ C(t) =1 = C(¢) :% ~ C(t) = logt].
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3. So the general solution of the nonhomogenous equation is

log |¢|

C
X(t):?‘i‘ t

(27)
4. Finally, since x(1) = 2, we get by plugging t = 1 into (27)
2=x(1)=C

and hence the solution of (25) is

24 logt]
==

x(t)
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General solution of a linear DE

Y'(x) = fF)y(x) +8(x) (28)

1. The homogenous part is

y’(X) = F(x)y(x)- (29)

So the solution y(x

log |y| = / / X)dx + C = y(x) = C- el
2. A particular solution of the nonhomogenous equation is obtained by
the variation of the constant:
y(x) = C(x) - el 1o, (30)
Y (x) = C'(x) - el FOI9 1 C(x)f(x)el e, (31)
Using that (28)=(31) and by inserting the RHS of (30) instead of y(x)
in (28), we obtain

C'(x) - el T 1 Cc(x)F(x)el O = £(x)C(x) - e/ TX 4 g(x)
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Hence

and so

Proposition
The solution of (28) is

y(x) = el FRI9(C + / (g(x)e I 9% ) )

In the example t?x 4 tx = 1 (or x = —%x + t%) above we get

x(t) = ef_%dt<C+ / (t—lzef%dt>dt>

:e'°g1(C+/<t12t>dt)
- %(C—Hog\ﬂ).
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Real life example: Newton's second law
A ball of mass m kg is thrown vertically into the air with initial velocity
vo = 10 m/s. We follow its trajectory. By Newton's second law of motion,

F = ma,

where m is the mass, a = v = X is acceleration and v velocity, and F is the
sum of forces acting on the ball.
» Assuming no air friction the model is

mv = —mg,

where g is the gravitational constant. The solution is

v=—gt+ C whereC is a constant.
» Assuming the linear law of resistance (drag) F, = —kv the model is
mv = —mg — kv.

The solution is v = v + v, where

vy, = Ce /™ and vp = —mg/k.
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Motion of ball in the case m =1, k = 1 and approximating g = 10 (we will
omit units)

Model Velocity and position Solution

ma = —mg . v(t) = —10t + 10
v=-10 x(t) = —5t2 4 10t

ma = —mg — kv o5 v(t) =20e~* — 10

V= —v_10 x(t) = 20 — 20e~t — 10t
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The ball reaches the top at time t where v(t) = 0 and the ground at time t
where x(t) = 0.

» Assuming no friction, the ball is at the top at t = 10.

At time t = 1, x(t) = 0, so it takes the same time going up and falling
down.

» Assuming linear friction, the ball reaches the top at t = log 2.

At time 2log?2, x(2log2) =20 —5—20log?2 > 0 so it takes longer
falling down than going up.
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Homogeneous DE
A homogeneous (nonlinear) DE is of the form

= (2)

The solution is obtained by introducing a new dependent variable

u= —.
t

Hence x = ut and differentiating with respect to t we get
X = 0t + u.
Plugging (33) into (32) we get
ut+u = f(u).
Rearranging (34) we obtain
to = f(u) — u,

which is a separable DE.

(32)

(33)

(34)
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Example (Homogeneous DE)

;) Y —X
y =
X
can be written as y
== 1. 35
y'=7 (35)
Introducing a new dependent variable
_y
u= -,
X
plugging in (35), we get
Ux+u=u-—1 (36)
This is equivalent to
ux=-1

and hence
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Orthogonal trajectories
Given a 1-parametric family of curves

F(x,y,a) =0 where acR,
an orthogonal trajectory is a curve
G(x,y)=0

that intersects each curve from the given family at a right angle.

1. The family F(x,y,a) = 0 is the general solution of a 1st order DE,
that is obtained by differentiating the equation with respect to the
independent variable (using implicit differentiation) and eliminating the
parameter a.

2. By substituting y’ for —1/y’ in the DE for the original family, we
obtain a DE for curves with orthogonal tangents at every point of
intersection.

3. The general solution to this equation is the family of orthogonal

trajectories to the original equation.
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Example (Orthogonal trajectories to the family of circles)

Let us find the orthogonal trajectories to the family of circles through the
origin with centers on the y axis:

x? +y? —2ay = 0. (37)
Differentiating (37) w.r.t. the independent variable gives
2x + 2yy’ —2ay’ = 0. (38)
Expressing a from (38) gives

X

Inserting (39) into (37) we obtain the DE for the given family

X2—y2——/:0. (40)

y
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Next we express y’ from (40) and obtain

2xy
r_
Yy = X2 _ y2' (41)

The DE for orthogonal trajectories is obtained by substituting y’ for —1/y’
in (41) to obtain

1 2
= Xz%yyz (42)
which is equivalent to
2 2
’ XYy
= — ) 43
y 5% (43)
(43) is a homogeneous DE:
y,:_xz—yz _ X,y
2xy 2y 2x
By introducing y = ux we obtain
I+ 1+u N , 1+ u? N 2udu dx
Ux+u=——+~- Ux = — e =
2u 2 2u 14 u? X

C
= log(14+v’)=—logx+logC = 14uv°=—,
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Plugging in u = £ again gives the general solution
x* 4 y? = Cx.

Orthogonal trajectories to circles through the origin with centers on the y
axis are circles through the origin with centers on the x axis.

Both families together form an orthogonal net:
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Exact ODEs

Notice first that a 1st order DE
x = f(t,x)
can be rewritten in the form
M(t, x)dt + N(t,x)dx = 0. (44)
Recall that the differential of a function u(t, x) is equal to

8u 6u Ju Ou

) - (dt, dx),

where - denotes the usual inner product in R?.

DE (44) is exact if there exists a differentiable function u(t, x) such that

@
ot

= M(t,x) and gi = N(t, x).
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Proposition
If the DE (44) is exact, then the solutions are level curves of the function u:

u(t,x) = C, where C € R.

Recall from Calculus that if u has continuous second order partial derivatives then

Ou _ Ou
Oxot  Otox’
Proposition
The necessary condition for the DE (44) to be exact is
oM ON
oM _ oN 45
0x ot (45)

Moreover, if M and N are differentiable for every (t,x) € R?, the condition
(45) is also sufficient.
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A potential function u can be determined from the following equality

u(x, t) :/M(t,x) dt + C(x) = /N(t,x) dx + D(t),

where C(x) and D(t) are some functions.

Example. The DE
X 4 ye2xy + Xeryy/ =0
can be rewritten as
(x + ye*¥)dx 4 xe*¥dy = 0.
The equation is exact since

o 2xy o 2xy
(X ‘g)}//e ) _ (Xaex ) _ (e2xy + 2Xye2xy).

A potential function is equal to

2
1
ulx.y) = /(X +ye)de = o + e + C(y)

1
— /(Xe2xy) dy = §e2Xy + D()()7

Defining C(y) = 0 and D(x) = x2/2, we get u(x,y) = X; + e®Y. The general

solution is the family of level curves u(x,y) = E, where E € R. 137206



Geometric picture of ODEs

Let D C R? be the domain of the function f(x, y). For each point
(x,y) € D the DE

y'=f(x,y)

gives the value y’ of the coefficient of the tangent to the solution y(x)
through this specific point, that is, the direction in which the solution
passes through the point.

All these directions together form the directional field of the equation.

A solution of the equation is represented by a curve y = y(x) that follows
the given directions at every point x, i.e., the coefficient of the tangent
corresponds to the value f(x, y(x)).

The general solution to the equation is a family of curves, such that each of
them follows the given direction.
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https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/example_direction_fields.m

Theorem (Existence and uniqueness of solutions)

If f(x,y) is continuous and differentiable with respect to y on the rectangle
D=[xo—a,xo+a] X[yo—b,yo+b], a,b>0
then the DE with initial condition
y'=f(xy), ylx)=y,

has a unique solution y(x) defined at least on the interval

[0 —a,x0 + ], «=min aEl
0 » X0 ) - "MN [

where

M = max{f(x,y): (x,y) € D} and N = max{af(axy’y): (x,y) € D}.

Proof: https://en.wikipedia.org/wiki/Picard%E2}80%93Lindel%C37,B6f _theorelr&(.)/206


https://en.wikipedia.org/wiki/Picard%E2%80%93Lindel%C3%B6f_theorem

Numerical methods for solving DE's
We are given the DE with the initial condition
Y'(x) = f(y,x), y(x) = yo.

Instead of analytically finding the solution y(x), we construct a recursive
sequence of points

xi=xo+ih, yi=y(x), i>0

where y; is an approximation to the value of the exact solution y(x;), and h
is the step size.

A number of numerical methods exists, the choice depends on the type of
equation, desired accuracy, computational time,...

We will first look at the simplest and best known method and then a more
practical improvement.
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Euler's method
Euler's method is the simplest and most intuitive approach to numerically
solve a DE.
At each step the value yj;1 is obtained as the point on the tangent to the
solution through (x;, y;) at xj+1 = x; + h:

> initial condition: (xo, o)

» for each it xj11 = x; + h, yiy1 = yi + hf(x;, yi).

The point (xj+1,yi+1) typically lies on a different particular solution than
(xi, yi), at each step, the error at each step is of order O(h?). The
cumulative error is of order O(h). 142206



Runge-Kutta methods

The idea of those methods is to approximate the derivative on the interval
[Xn, Xn+1] not only based on the derivative in the point x,, but using a
weighted average of more different derivatives on the interval [x,, xpt1].

Example (Runge-Kutta of order 2 (RK2))

We approximate the derivate using the derivatives in the points x, and
Xp + €h € [Xn, Xpt1], where h = x,411 — x, and ¢ € [0,1]. The
approximation y,41 is computed using the weighted average of linear
approximations in the points x, and x, + ch:

Ynt1 = Yn + \193_, “(h-f(xn,yn)) + \b;_, -(h- f(xn+ ch,y(x, + ch))) (46)

weight move along weight move along
the tangent in x, the tangent in x,+ch

We use a linear approximation
y(Xn + Ch) ~ yn+ Chy,(Xn) =Yn+ Chf(XmYn) ~ yn+ ahf(xna)/n)v (47)

where a is a new parameter. 143 /206



Using (47) in (46) we obtain
Yn+1 = Yn+ b1 (h-f(Xn,yn)) +b2- (h- f(xn+ch,y,+a-ki)). (48)
k k
1 2

Using Taylor series’ of y(x, + h), f(xn + ch, yn + aki) and comparing the
coefficients at h and h? in (48) we get a system of equations

1= by + bo,
1
E(f;( + £, f)n = boc(f)n + boa(fF,)n,

y
where f,, (fi)n, (f,)n stands for f(xn, ¥n), fx(Xn; ¥n), fy(Xn, ¥n). The system
(49) has many different solutions, e.g.:

(49)

> by =by =3 and c = a=1. RK method is:

1
Ynt1 =Yn+ E(kl + k2):

ki = hf(Xn, yn),
ko = hf(xp + h,yn + k).
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> b =0, b2:1inc:a:%. RK method is:

Ynt1 =Yn+ ko,
kl - hf(Xna)/n)7

1 1
ko = hf(xy + = h, yn + =ki1).
2 (X+2 y+21)

A general RK method is of the form

Yn+1 = Yn + biki + boko + ... + bsks,
ki = hf (xn, yn),
ko = hf(xn + c2h, yn + 22 1k1),
ks = hf(xn + c3h, yn + a3 1k1 + az2ka),

ks = hf(xn + Csh,yn + ac1ki + ...+ ks—1)-

145 /206



Butcher tableau

In a compact form the RK method (50) is given in the form of a Butcher

tableau:

where

0] 0
Co 0
c3 0
Cs 0
b1 b2 b3 bs—l bs>
Q= )
3 =

Cs =
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Runge-Kutta mehod of order 4

Butcher tableau:

HNI=NI= O

olH ©O O NIRr O
WlH OoONI+k O
WlH = O

ol O

The method is

1 1 1 1
il = Yn+ —ki + ko + — ks + = kg,
Yn+1 )/+61+32+33+64
ki = hf(xn, yn),

1 1
k2 = hf(Xn + Eh’y" + §k1)7

1 1
ks = hf(Xn + Ehy)/n + §k2)7
ks = hf(Xn + h» Yn+ k3)

The error at each step is of order O(h®). The cumulative error is of order O(h*).
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with step size h=0.3:

1

Click

y(0)

Y =-y-1
Euler's method

B e P ]
P s PP
P P P ]
S
B el
P P P ]
P e PP
P PP
SIS A S
B
B P

Below is a comparison of Euler's and Rk4 methods for the DE

The red curve is the exact solution y = 2e™* — 1.

Euler vs RK4

Click

Algorithms and example: Click


https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/euler_eng.m
https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/RK4_eng.m
https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/Euler_vs_RK4.m

Adaptive Runge Kutta methods

Let My, M> be two RK methods with the same matrices of coefficients a; ;
(and hence also ¢;), but different vectors of weights b; and b*. Let M; be
of order p (global error O(hP)), while the other of order p + 1 (global error
O(hPT1Y).

Example: We use the adaptive method for the Butcher tableaus:

0|0

111 0
1 0°
11
2 2

The first is Euler's method and has order 1, while the other is RK method of order 2:
Ynt1 = Yo + ku,
Yoy1 = yn+ %(kl + k).
The approximation of the local error:
Loyt R Y1 — Yor1 = (—ki + ko) /2.

If £,41 is small enough (we choose what this means in our problem), we accept y,+1 and

continue, otherwise we decrease the step size and repeat the computations.
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DOPRI5, Fehlberg, Cash-Karp

Very useful methods for practical computations are DOPRI5 (1980, authors
Dormand in Prince), Fehlberg (1969), , which are adaptive
methods combining two RK methods, one of order 4 and one of order 5.

> https://en.wikipedia.org/wiki/Dormand},E2780%93Prince_method

> https:
//en.wikipedia.org/wiki/Runge’E2%80%93KuttalE2/,80%93Fehlberg_method

» https://en.wikipedia.org/wiki/Cash’,E2Y,80%93Karp_method

Algorithm and example: Click  Click
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https://en.wikipedia.org/wiki/Dormand%E2%80%93Prince_method
https://en.wikipedia.org/wiki/Runge%E2%80%93Kutta%E2%80%93Fehlberg_method
https://en.wikipedia.org/wiki/Runge%E2%80%93Kutta%E2%80%93Fehlberg_method
https://en.wikipedia.org/wiki/Cash%E2%80%93Karp_method
https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/DOPRI5_eng.m
https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/DOPRI5_example.m

Systems of first order ODE's

Let
fo=(f,...,f) R™ 5 R",

(X1, xnr1) = (A1, ooy Xnt1), - oo (X1, - ooy Xng1))-
be a vector function. A system of first order DE’s is an equation
x(t) = f(x(t), 1), (51)

where
x(t) == (xa(t),...,xp(t)) : I = R"

is an unknown vector function and / C R is some interval. Coordinate-wise
the system (51) is equal to

x1(t) = f(x(t),...,xn(t), 1),

xn(t) = fa(xa(t),...,xa(t),t).
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Solution of the system of DE's

For every (x,t) € R"™ in the domain of f, the value f(x, t) is the tangent
vector x(t) to the solution x(t) at the given t.

The general solution is a family of parametric curves

X(t, C1, ey Cn),
where C1, Gy, ..., C, € R are parameters, with the given tangent vectors.

An initial condition

X(to) =xp €R"
gives a particular solution, that is, a specific parametric curve from the
general solution that goes through the point xp at time tg.

152 /206



Linear systems of 1st order ODEs
A linear system of DEs is of the form

Xl(t) all(t) .. al,,(t) Xl(t) gl(t)
Xn(t) an(t) ... ann(t) Xn(t) gn(t)
where
xi:l—R, aj:I—R and g:I—=R

are functions of t and / C R is an interval. In a compact form (52) can be
written as

x(t) = A(t)x + g(t), (53)
where
A(t) = [ai(8)]7 =1
is a n X n matrix function and

g(t)=1[ a(t) ... galt) ]

is a n x 1 vector function.

T
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The system (53)
» is homogeneous if for every t in the domain | we have g(t) = 0.

» has constant coefficients, if the matrix A is constant, i.e., independent
of t.

P is autonomous, if it is homogeneous and has constant coefficients.

An autonomous linear system
x = Ax (54)

of 1st order DEs can be solved analytically, using methods from linear
algebra. Recall that such a system can be written in coordinates as:

X1 = aiix1 + apxg + - - + ainXn,

Xo = a21X1 + axnxp + - - + anXn,

Xn = an1X1 + an2x2 + - -+ + appXn.
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Autonomous system: diagonal matrix A

Assume first that the matrix A in (54) is diagonal. Then (54) is the
following:

).(1 )\1 .o 0 X1
Xn 0 ... A\ Xn
Or equivalently,
X1 = A1x1, X2 = A2Xo, ) Xn = ApXp.

In this (simple) case the general solution is easily determined:

CleAlt 1 0
GCoeet 0 1

x(t) = , =CGeMt | | +GeM | |+ Gt
C,eMt 0 0

155 /206



Autonomous system: n linearly independent eigenvectors

Assume next, that A in (54) has n linearly independent eigenvectors
Vi, ...Vy with the corresponding eigenvalues A1, ..., Ap.

> For every fixed t, the vector x(t) can be expressed as a linear combination
x(t) = ei(t)vs + - - + ©n(t) Vi
» Hence, the coefficients
oi(t): I = R, i=1,...,n,
are functions of t.

» Since vy, ...V, are eigenvectors it follows from x = Ax, that

Z oi(t)v; = Z(p,-(t)Av,- = Z(p,-(t))\;v,-.
i=1 i=1 i=1
» Since vq,... v, are linearly independent, it follows that for every i/ we have
Gi(t) = Nipi(t) = pi(t) = GeNt, G eR.
» Hence the general solution of the system is

x(t) = GieMtvy + -+ CpeMty,.
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Example
Find the general solution of the system

X1 = X1 + X2,

).(2 = 4X1 — 2X2.

1

The matrix of the system is A = [ 4 o

]. Its eigenvalues are the

solutions of
det(A—A)=(1—=A)(—2—-A)—4=X+X1-6=0,

so A\1 = —3 and A2 = 2, and the corresponding eigenvectors are

:|T

n=[1 —4 and  w=[11]",

The general solution of the system is

x(t) = Cre3t { » } + Ge?t [ X ] |

157/206



Example
Find the general solution of

).(1 = X2,

).Q = —4X1.

01

4 0 ] It has a conjugate pair of

The matrix of the system is A = [

complex eigenvalues and a corresponding conjugate pair of eigenvectors:

)\1’2 = i2i, Vi2 = [ 1 £2i ]T.

The general solution is a family of complex valued functions
; 1 ; 1
_ 2it —2it
X(t) = Cie |: o ] + Ge [ _oj :|

(which is not very useful in modelling real-valued phenomena).
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Autonomous system: complex conjugate eigenvalues

Assume that the matrix of the system A has a complex pair of eigenvalues
A1,2 = o £ i3 and corresponding eigenvectors vy = u £ iw.

The real and imaginary parts of the two complex valued solutions are:

(aiiﬁ)t(ui iw)
= e*(cos(Bt) £ isin(ft))(u + iw)
= e“ [cos(Bt)u — sin(Bt)w % i(sin(Bt)u + cos(Bt)w)] .

Any linear combination (with coefficients C;, C; € R) of these is a
real-valued solution, so the real-valued general solution is

x(t) = e** [C1(cos(Bt)u — sin(Bt)w) + Ca(sin(Bt)u + cos(St)w)].
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Autonomous system: complex conjugate eigenvalues

Example

In the case of the previous example, A\ = £2/, i.,e. a =0 and 8 =2, and

1 1 0
vl,gz[jﬂi} = u:{o] and W:|:2:|.

Hence, the general solution is

x(t) = G (cos(2t) [ . ] _sin(2t) [ : ] )
+G(sin(21) [ . ] + cos(2t) [ : ] )
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Autonomous system: less than n eigenvectors

If A has less than n linearly independent eigenvectors, additional solutions
can also be obtained (e.g., with the use of Jordan form of A), but we will
not consider this case here.

The general solution of a system x = Ax of n equations is of the form

x(t) = CxV(t) + ...+ Cx"(1),
where x((t), ..., x("(t) are specific, linearly independent solutions.

For every eigenvalue A € R or a pair of eigenvalues A\ = o & i3 we obtain as
many solutions as there are corresponding linearly independent eigenvectors.
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Adding initial conditions to an autonomous system

An initial condition x(tp) = x(©) gives a nonsingular system (if the vectors
x1(to), ..., xn(to) are linearly independent) of n linear equations for the
constants Cy,..., C,.

x©) = Cixi(to) + ... + Caxn(to).

This implies that a problem
x = Ax, x(to) = x©

has a unique solution for any x(0).

Example

The initial condition x(® = x(0) = [ 0 5 ] for the system in the first example
above gives the following system of equations for C; and G;:

C1_|_C2:07 —4-C1-|—C2:57

so Gt =—-1land G =1.
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Transformating DEs of higher order into 1st order ODEs
The differential equation of order 2
X = f(t,x,x) (55)

can be transformed into a system of two order 1 DE's by introducing new
variables:

x(t) = x(t),
xo(t) = x(t).
Now DE (55) becomes

An initial condition
X(to) = o, )'<(t0) =
is transformed into an initial condition
e =L
x2(to) ar |’
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In the same way a differential equation of order n
x(M) = f(t,x,%,... ,X(”_l))

can be transformed into a system of n differential equations of order 1 by
introducing new dependent variables

X1 = X,

XQZX,

n—1

and hence (56) becomes:

X1

X2
).Q X3
Xn f(t,x1, %2, ..., Xn)
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Example: We are given the differential equation of order 2

2X —bx+x =0,

with initial conditions

and hence (57) becomes the system

X1(t) = xo(t),
1

() =305

An initial conditions (58) becomes

X1(3) = 6, X2(3) =—1.

—Xp — —X{.
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Numerical methods for a system of DEs

Numerical methods for a system of DEs work exactly in the same way as for
a single equation, with the exception that the unknown function is a vector

function

x(t)=[a(t) - x(t)]".

Given the system with initial condition

X1 fl(t,Xl,...,Xn) )
X = = : . x(to) = x(© — : ,
Xn fa(tyx1, ...y Xn) XISO)

we construct a recursive sequence of points
ti=to+ih, xU)=x(t),i>0

where the vector x() is an approximation to the value of the exact solution
x(t;), and h is the step size.
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Euler's method and RK4

Euler's method:

tiva=ti+h, XU =xO 4 pf(, xD), i>o0.
RK4 method:
tiva=ti+h XU = xU0) (k) 4 2ky + 2ks + kq) /6,
where

ky = hf(t;, x1),

ko = hf(t; + h/2,xD 4 ki /2),
ks = hf(t; + h/2,x\) + ky/2),
ks = hf(t; + h,x1) + k3).

167/206



Autonomous system of DE's - general case
A system of DEs is autonomous if the function f : R” — R" does not
depend on t:

x = f(x).
For an autonomous system, the tangent vector to a solution depends only
on the point x and is independent of the time t at which the solution
reaches a given point. In this case, the tangent vectors can be viewed as a
directional field in the space R”.
In case of an autonomous system of 2 DE's:

f=(fh):R>— R

X = fl(Xay)a
.)./ = f2(Xa.y)7

gives a directional field in the (x,y) plane, which we call the phase plane of
the system.

The general solution is a family of parametric curves or trajectories which

respect the given directional field at every point (x, y).
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The points where f(x) = 0 are stationary points or equilibrium points of
the system.

At a stationary point xp = x(to), X(to) = 0, so x(t) = xo represents a
constant, or equilibrium solution of the system.
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Real life example of autonomous system

The predator-prey or Volterra-Lotka model is a famous system of DE's
proposed by Alfred J. Lotka (1920) for modelling certain chemical
reactions, and independently by Vito Volterra (1926) for dynamics of
biological systems. It was later applied in economics and is used in a
number of domains.

Two populations of species, for example rabbits and foxes, live together and
depend on each other.

The number of rabbits (the prey) at time ¢ is R(t) and the number of foxes
(the predators) is F(t).

If they live apart, the rabbit, resp. fox, population grows, resp. declines,
with the exponential law:

R=kR, k>0, resp. F:—rF, r>0.
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If they live together, then interactions between rabbits and foxes cause a
decline in the rabbit population and a growth of the fox population.
This (basic) predator-prey model is the following:

R=kR—aRF, F=—rF+bFR, a,b>0.
The system has two stationary or equilibrium points:

kR —aRF = —rF + bFR =0 =

k
~R=F=0 o R=_F="
b a
The meaning of these values is that the populations (ideally) coexist
peacefully, with no fluctuations in the population sizes.
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The left figure below shows the directional field and several solutions for the
system _ _
R =0.3R —0.004RF F = —0.2F +0.001FR

in the (R, F) plane.

The right figure shows dynamics of the population sizes F(t) and R(t) with
respect to t:

172/206



On the figure below, the blue curve is the exact solution and the black dots
are approximations for function values for the system with initial condition

R(0) = 500, F(0) = 50

using Euler’s method with step size h = 0.5:

200

00

Example: Click
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https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/example_predator_prey.m

The dynamics of systems of 2 equations
For an autonomous linear system
X1 = au1xy + apxe, X2 = apiXi + axnxy,
the origin (0,0) is always a stationary point, i.e., an equilibrium solution.

The eigenvalues of the matrix

a a
A— 1 a12
a1 a2

determine the type of the stationary point (0,0) and the shape of the phase
portrait.

We will assume that det A £ 0. Let A1, A2 be the eigenvalues of A. We also
assume that there exist two linearly independent vectors vq, vo of A (even if
A1 = A2).
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Case 1: A\, R

The general solution is
x(t) = CieMtvy + Gty
> If C; =0, the trajectory x1(t) is a ray in the direction of v, if C; > 0,

or —vq iIf G < 0.
» Similarly, if C; = 0 the trajectory x»(t) is a ray in the direction of v, or

—va.
» The behaviour of other trajectories depends on the signs of A; and \s.
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Subcase 1.1: 0 < A1 < Xy

A2tV2,

)\1t

> as t — oo, x(t) asymptotically approaches the solution +e
» as t — —oo, x(t) asymptotically approaches the solution +e

The point (0,0) is a source.
Example. The general solution of the system x; = 3x; + x2, % = x1 +3x is

x()=Ge"[1 1] +Ge[ -1 1]"

Example: Click
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https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/phaseportrait_1_1.m

Subcase 1.2: My < A1 <0

> as t — oo, x(t) asymptotically approaches the solution +e*itvs,

» as t — —oo, x(t) asymptotically approaches the solution +e*?tv;

The point (0,0) is a sink.
Example. The general solution of the system x; = —3x; — x0, % = —x1 — 3x2 is
x()=Ge*[1 1] +Ge2[ -1 1]

Example: Click
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https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/phaseportrait_1_2.m

Subcase 1.3: A1 <0 < X

Aot

» as t — 0o, x(t) asymptotically approaches the solution +e"2fv;,

> as t — —oo, x(t) asymptotically approaches the solution +e*itv;

The point (0,0) is a saddle.

Example. The general solution of the system x; = x; — 3x2, % = —3x1 + X is

x(t)=CGe2[1 1] +Ge*[1 —-1]".

Example: Click
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https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/phaseportrait_1_3.m

Subcase 2.1: i =axif, a#0

The general solution is

x(t) = e [(Cy cos(Bt) + Cosin(Bt))u + (—Cysin(Bt) + Gy cos(Bt))w] .

Hence,

» if a <0, x(t) spirals towards (0,0) as t — oo, and
> if « >0, x(t) spirals away from (0,0) as t — oo.

The point (0,0) is a spiral sink in the first case and a spiral source in the

second case.

Example

X1 = —3X1 + 2x0,Xp = —X1 — X2

x(
((Cl cost + Gsin t) [ 2
(—

Cisint + Gycost) [ 0
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Subcase 2.2: A1 ==£if3, a #0

The trajectories are periodic with period 27//3, i.e. the point x(t) circles

around (0,0).

The point (0,0) is a center.

Example

(C1cos(wt) + Casin(wt)) [ .
(—Gysin(wt) + G cos(wt)) [

Examples: Click Click
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https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/phaseportrait_2_1.m
https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/phaseportrait_2_2.m

Nonlinear autonomous systems of equations

x1 = fi(x,x2), X2 = f(x1,x)
If a = (a1, az) is a critical point, that is,
fi(a1, a2) = f(a1,a2) = 0,

then the behaviour of trajectories close to a is approximated by trajectories
of the linearization of the system at the point a:

. of ofy .. Of. of;
X1 = 87)(11()(1 —31)+87X12(X2—32), Xp = a—xi(xl—al)—i—a—xz(xz—ag).

This is a linear homogeneous system with coefficient matrix the Jacobian
matrix of the vector function f(x):

of Of
x = Df(a)(x — a) = [ o P ](X—a).
o ox

The critical point is classified as a source, sink, saddle, spiral source, spiral
sink or center depending on the eigenvalues of Df(a).
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In addition to critical points, that is, equillibrium solutions, a plane
nonlinear system (that is, a nonlinear system of two differential equations)
can also have limit cycles.

A limit cycle is a periodic solutions x(t) such that for initial conditions
x(to) = xp in a certain domain the corresponding solutions x(t)

> either asymptotically tend towards x(t) as t — oo — in this case X
is an attracting limit cycle, or

> x(t) = xo(t) as t — —o0 — in this case x is a repelling limit cycle.

Systems of more than two differential equations can exhibit much more
complex, chaotic behaviour.

Example: Click
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https://github.com/ZalarA/Mathematical_modelling/blob/main/Differential_equations/example_predator_prey_linearization.m

Differential equations of order 2

X = f(t,x,x)

The general solution is a two-parametric family

X = X(l‘7 G, Cz)

A particular solution is given by specifying

» initial conditions: x(tp) = ap, x(to) = o,
where the values of the solution and its derivative are given at some
initial time ty
or

» boundary conditions: x(a) = xp, x(b) = x1
where values of the solution at different times a, b are given (i.e., on
the boundary of some interval [a, b])
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Differential equations of order n

x(M) = f(t,x,x,... ,x(”*l))

The general solution is an n-parametric family

x=x(t, C,...,Cp).

A particular solution is given by
> initial conditions: x(tg) = ag, ... x(" D(tg) = a,_1
where the values of the solution and its first (n — 1) derivatives are
given at some initial time ty
or

» boundary conditions
where values of the solution or its derivatives are given in different

times.
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Linear DE's of order n
A linear DE (LDE) of degree n is of the form

x4 a, 1 ()XY 4 ag(t)x = f(t). (59)

The equation is
» homogeneous if f(t) =0, and
» nonhomogeneous if f(t) # 0.

» The general solution of the homogeneous part is the family of all linear
combinations

y(t) = Gxa(t) + -+ + Coaxa(t)

of n linearly independent solutions xi(t), ..., x,(t).

» If the coefficients aj(t),...,a,(t) are continuous functions, then for
any «g, ..., «p there exists exactly one solution satisfying the initial
condition

X(to) = g, ).((tO):Oél, ey X(n_l)(to) = Qp.
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LDEs with constant coefficients

Assume that the coefficient functions a;(t), ... an(t) in a homogeneous
LDE are constant:

N T G B aox =0, ai,...aneR (60)

Translating (60) to the system by the usual trick of introducing new
variables

X1 = X, X2:X],_7 X3:X£a T Xn:X;y—la
(60) becomes
X,/7 = —apX1 —adixX2 —...— an—1Xn,
or matricially X' = AX:
[0 1 0o - 0 ]
0 0 1 0 e 0
)= o : X(t)
0 0 1
_ao _al ... e _an72 —anfl
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The solutions to this system are of the form

x(t) = pr(t)eMyv,

where A is the eigenvalue of A, pk(t) is a polynomial of degree k in t
and v is the generalized eigenvector. (This follows most easily by the
use of the Jordan form of the matrix.)

In particular, if there are n linearly independent eigenvectors of the
matrix A, then all polynomials p, are constants and generalized
eigenvectors are usual eigenvectors.

By a simple calculation of expressing the determinant of A — A/
according to the coefficients and cofactors of the last row, it turns out
that the eigenvalues of A are precisely the roots of the characteristic
polynomial corresponding to (60):

P(A) =X+ a1 A" 1 ag\ + ap. (61)

A (trivial) fact with a nontrivial proof, called the fundamental theorem
of algebra, states that a polynomial of degree n has exactly n roots,
counted by multiplicity. In case the matrix A is real, these roots are
real or complex conjugate pairs.
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» From the roots of the characteristic polynomial (61), n linearly
independent solutions of the LDE can be reconstructed.
» For every real root A € R,

x(t) = e

is a solution of the homogeneous LDE.
» For a complex conjugate pair of roots A = a &+ if3, the real and
imaginary parts of the complex-valued exponential functions

elotiB)t — ot (cos(Bt) + isin(Bt))
are two linearly independent solutions
x1 = e* cos(Bt), xp = e*sin(ft).
Proposition

If a root (or a complex pair of roots) \ has multiplicity k > 1, then it can

be shown that
e)\t’ te’\t, kLAt

are all linearly independent solutions.
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Proof of proposition

Let us prove the last fact by an interesting trick. We introduce the operator

¢y = ¢

n—1)

L(u) = o + 2, qu -+ aou,

where C(" (/) stands for the vector space of n-times continuously differentiable functions
on the interval I and C(/) stands for the vector space of continuous functions on /.

Let Ao be the root of the characteristic polynomial (61) of multiplicity &, i.e.,

P(A) = (A = 20) Q).

Let 0 < g < k by an integer. We will check that t7e** solves (60).

Notice that ;
N _ d? ¢

d\d
For ease of notation we define a, := 1. We have that:

n

de 0 d
q Aty __ B Y - — P NP 4
L(t% )fZa,(d)\qe ) ;a'dt"(d)\qe )

i=0
b _ df b NioAE ) d? At
qu (Z i ) = <§a,/\e ) = J5q (P)E).
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Since
g

dq
d)\q Z

(P(A) - Qi(t,N),

where Q;(t, \) are functions of ¢, A and

d .
dA'(P()‘O)) for i=0,...,q,

it follows that
L(tquot) =0.
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Test for linear independence of solutions

Let x1(t),...,xn(t) be the solutions of the homogeneous part of (59) and
form a matrix

Xlgt§ XnEt;

x1(t Xp(t

VV(Xl(t), 7Xh(t)) = 1: . :
R € N i ()

We call the determinant
o(t) = det W(xq(t),...,xa(t)): I = R

the Wronskian determinant of W(xy(t),...,xn(t)), where [ is the interval
on which t lives.

Theorem (Existence and uniqueness of solutions)

If x1(t),...,xa(t) are solutions of a LDE with continuous coefficient
functions a1 (t), ... an(t), then their Wronskian is either identically equal to
0 or nonzero at every point. In other words, if W(x1,...,x,) has a zero at

some point tg, then it is identically equal to O.
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Proof of theorem

Let 7, be the set of all permutations of the set {1,...,n}. Now we differentiate ¢(t) and
obtain

¢ (t) = (Z o)Xy X ) ()

oETy
/ 1 n—1
= 3 (o) X0 < (0)
oET

Y -1
+x(0) (X)) (0 X0 (e) + -

omOx (0 (X (0) )
(Z <0y (00, )~~-x£,"(;)”<t)> +

oET
2 —1
(Z X0 (D) (DX, (0 X0 )(t)> i

oETy

+ (Z o () (E)X 0y (£) - xf."(;@(t)x;"&)(r)) :

oET
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Now notice that the first n — 1 summand are the determinants of the matrices

[ xi(t) Xn(t)

) MO

(O b
i xf"_.l)(t) x,(,"_ll)(t) |

and hence are equal to 0.
For the last summand use the initial DE (59) to express

(n) ) _

n—1
Xo(n) = —an— 1(1“))((7 - — ao(t) X (n)-

The summands of the from —a; (t)x ) for i <'n—1 give 0 terms in the sum > __
since the sum is JUSt the —a;(t) multlple of the determinant of the form (62), while the
term —an_ 1(t)x ) gives

—an-1(t)$(t).
It follows that ¢(t) satisfies the DE
¢'(t) = —an-1(t)e(t).
The theorem follows by noticing that the solution of this DE is
p(t) = ke™ /210" \where  k € R.
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Second order homogeneous LDE with constant coefficients

We are given a DE
ax + bx + cx =0,

where a, b, c € R are real numbers. We know from the theory above that

the general solution is
X(t, G, C2) = C1X1(1.') + C2X2(1.'),

where (i, C; € R are parameters and
1. x1(t) = eMt and xp(t) = et if the characteristic polynomial has two
distinct real roots,
2. x1(t) = e“fcos At and xo(t) = e*'sin Bt if the characteristic
polynomial has a complex pair A1p = a + i3 of roots, and
3. x1(t) = e, xo(t) = te’ if the characteristic polynomial has one
double real root.
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Nonhomogeneous LDEs
We are given the nonhomogeneous LDE

XM a1 ()XY 4 ag(t)x = F(1),

where f : | = R is a nonzero function on the interval /. The following
holds:
> If x; and x» are solutions of the nonhomogeneous equation, the
difference x; — x> is a solution of the corresponding homogeneous
equation.
» The general solution is a sum

X(ta Cla C2) = Xp + Xp = Xp + Clxl + -+ CnXm

where x,, is a particular solution of the nonhomogeneous equation and
X1,...,Xp are linearly independent solutions of the homogeneous
equation.

» The particular solution can be obtained using the method of
“intelligent guessing” or the method of variation of constants.
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The method of “intelligent guessing” typically works if the function 7(t)

belongs to a class of functions that is closed under derivations, like
polynomials, exponential functions and sums of these.

Example (X + x + x = t?)
We are guessing that the particular solution will be of the form
x,(t) = At?> + Bt + C.

We have that
Xp(t) = 2At + B, X,(t) = 2A,

and so

X+ x+x=2A+ (2At + B) + (At? + Bt + C)
= A2+ 2A+B)t+(2A+ B+ ()

The initial DE gives us a linear system in A, B, C :
A=1 2A4+B=0, 2A+B+C=0

with the solution A=1,B = —2,C = 0. Hence, x,(t) = t> — 2t.
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Example (X — 3x + 2x = &%)

We are guessing that the particular solution will be of the form
_ An3t
xp(t) = Ae’.

We have that
xp(t) = 34e%,  %,(t) = 9Ae™,

and so
X — 3% + 2x = 9Ae3" — 3(3Ae) 4 24" = 24

3t

The initial DE gives us an equation 2A = 1 and hence, x,(t) = €.
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Example (X — x = ef)
The particular solution will not be of the form x,(t) = Ae', since this is a solution
of the homogeneous equation, we are guessing that the correct form in this case is

xp(t) = Ate’.

We have that
xp(t) = A(e' + te'), X,(t) = A(2e" + te),

and so

X —x = A(2e" + te') — Ate' = 2Ae".

The initial DE gives us an equation 2A = 1 and hence, x,(t) = 3 te’.
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Example (X + x = —X-)

cost
Let us first solve the homogeneous part X + x = 0. The characteristic polynomial
is p(A) = A2 + 1 with zeroes

A2 ==%i=costEisint.
Hence, real solutions of the DE are
x1(t) = cost and xo(t) = sint. (63)
So the general solution to the homogeneous part is
x(t) = Gixa(t) + Goxo(t), where (i, G € R are constants.
Now we are searching for the particular solution x,(t) of the form

xp(t) = Gi(t)x1(t) + Go(t)xa(t).
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Thus,
)-(P(t) = Cl(f)Xl(t) + Cl(t)).(l(t) + Cz(t)Xz(t) + Cz(t)).Q(t). (64)
We force an equation _ _
G(t)x(t) + G(t)x(t) = 0. (65)
Differentiang (64) further under the assumption (65) we get
%(t) = (Gt)5a(t) + G154 (1) + (G(t)ke(t) + Co(t)%(t)).  (66)
Plugging this into the initial DE and using that x;, x> are solutions of X +x =0
1

Gi(t)xa(t) + Go(t)xa(t) = — (67)

Expressing Gy(t) from (65) and plugging into (67) we get

Gu(8)5a(t) — Cl(x?(?)(t)xg(t) - c’l(t)X'l(t)”(tizzt;l(t)xé(t) - Colst. (68)
Using (63) in (68) we get _
Ci(t) = —1”5'; (69)
Hence,
Ci(t) = —/ z:)r;l;dt - —/%du — log|u| = — log | cos |,

where we used the substitution u = cos t. 200/206



Using (69) in (65) we get

Cz(t) =1.
Hence,
G(t) =t
So,
Xp(t) = —log | cos t| - cos t + tsin t.

The complete solution to DE is
x(t) = CGicost+ Gysint — log | cost| - cost + tsint,

where C;, G, are parameters.

(70)

201/206



Vibrating systems

There are many vibrating systems in many different domains. The
mathematical model is always the same, though. We will have in mind a
vibrating mass attached to a spring.

Case 1: Free vibrations without damping

Let x(t) denote the displacement of the mass from the equillibrium position.
» According to Newton’s second law of motion

mi=> F,
where F; are forces acting on the mass.
> By Hooke’s law, the only force acting on the mass pulls towards the
equilibrium, its size is proportional to the displacement and the
direction is opposite
F = —kx(t), k>0.
» So the DE in this case is

o =0
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» The characteristic equation
m\? + k=0

has complex solutions \ = +wi, w? = k/m.

> The general solution is
x(t) = G coswt + Gy sinwt.

» So the solutions x(t) are periodic. The equillibrium point (0, 0) in the
phase plane (x,v) is a center.
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Case 2: Free vibrations with damping
We assume a linear damping force

Fd:_ﬁkv

so the DE is

|mk + B+ kx =0 where m,3,k>0.

Depending on the solutions of the characteristic equation there are three
cases:

» Overdamping when D = 32 — 4km > 0 and x(t) = CieMt + CeMt,
A1,2 < 0. The mass slides towards the equilibrium. The point (0,0) in
the (x, v) plane is a sink.

» Critical damping when D = 0 and x(t) = Gie*t + Gote*, A < 0. The
point mass slides towards the equillibrium after, possibly, one swing.
The point (0,0) in the (x, v) plane is a sink,

» Damped vibration when D < 0 and x(t) = e**(C; cos Bt + Gy sin (t).
The mass oscillates around the equillibrium with decreasing
amplitudes. The point (0,0) is a spiral sink.
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Case 3: Forced vibration without damping

In addition to internal forces of the system there is an additional external
force f(t) acting on the system, so

| ms + ko = £(t)].

The general solution is of the form
x(t, G, ) = Gy cos(wt) + Cosin(wt) + xp(t),

where x;, is a particular solution of the nonhomogeneous equations.

Example
Let (t) = asin ut.

Using the method of intelligent guessing,
> if 11 # w, then x,(t) = Asin put + B cos ut

» if 4 = w, then x, = t(Asinwt + Bcoswt), so the solutions of the
equation are unbonded and incerase towards co as t — oo — the well
known phenomenion of resonance occurs.
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Case 4: Forced vibration with damping:

ms + B% + kx = f(t)].

Example
Let f(t) = asin ut.
The general solution is of the form

X(t, G, C2) =Xp+ Xp = C1X1(t) + C2X2(t) + Xp(t)

where x,(t) is of the form Asin put 4+ B cos ut, and the two solutions x; and
xp both converge to 0 as t — oo. For any i, G, the solution x(t, C1, Gy)
asymptotically tends towards x,(t).
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