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Linear recurrence

• T(n) is a linear combination of (a small number) of nearby values 
T(n-1), T(n-2),…

• Example: Fibonacci
T(n) = T(n-1) + T(n-2)
T(0) = 0
T(1) = 1

• Solution: in general, a combination of polynomials and 
exponential functions

• How to solve these equations?

• Jeff Erickson: Models of Computation (Solving Recurrences,  
Appendix II), 2019
available at http://jeffe.cs.illinois.edu/teaching/algorithms/
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Operators

• Operators are higher order functions, taking other functions 
as their arguments

• For example, integral 𝑓 𝑥 𝑑𝑥 or differential 
𝑑𝑓

𝑑𝑥
are 

operators

• In solving recurrences we need three operators
• sum (f+g)(n) = f(n) + g(n)

• scale (a·f)(n) = a·(f(n))

• shift (Ef)(n) = f(n+1)

• Scale and shift are linear (can be distributed over sums)

• We combine operators and get compound operators
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Manipulation of operators

• Compound manipulators behave as polynomials over 
variable E
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Operator manipulation
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Annihilators

• Annihilator is a nontrivial operator transforming function 
to zero.

• Multiplication by zero is a trivial operator, which we don’t 
take into account.

• Every compound operator annihilates a specific class of 
functions

• Every function composed of polynomial and exponential 
functions has a unique (minimal) annihilator

• The goal: find annihilators from different class of 
functions.
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Annihilator behaviour

• If X annihilates f, then X also annihilates E f.

• If X annihilates both f and g, then X also annihilates f ± g.

• If X annihilates f, then X also annihilates f, for any constant .

• If X annihilates f and Y annihilates g, then XY annihilates f ± g.
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Operator Function annihilated

E-1 

E-a an

(E-a)(E-b) an + bn    ; if ab

(E-a0) (E-a1)…(E-ak) σ𝑖=0
𝑘 𝛼𝑖𝑎𝑖

𝑛 ; if aiaj for all i, j

(E-1)2 n + 

(E-a)2 (n + )an

(E-a)2(E-b) (n + )an + bn  ; if ab

(E-a)d (σ𝑖=0
𝑑−1𝛼𝑖𝑛

𝑖)𝑎𝑛



Annihilating recurrences
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• To solve linear recurrences (remember their solutions are 
composed of polynomials and exponentials) one has to 
annihilate them.

1. Write the recurrence in operator form
2. Extract an annihilator for the recurrence
3. Factor the annihilator (if necessary) (and possible)
4. Extract the generic solution from the annihilator
5. Solve for coefficients using base cases (if known)



Generating functions

• Generating functions are a generalization of annihilators.

• General tool for combinatorics and counting.

• Recommended further reading:

Robert Sedgewick and Philippe Flajolet. An introduction to the 
analysis of algorithms. Pearson, 1996.

(also 2nd edition, 2013)
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